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ABSTRACT 
It is often observed in practice that the essential behavior 
of mathematical models involving many variables can be captured 
by a much smaller model involving only a few variables. Further, 
the simpler model very often displays oscillatory behavior of some 
sort, especially when critical problem parameters are varied in 
certain ranges. 
This paper attempts to supply arguments from the theory of 
dynamical systems for why oscillatory behavior is so frequently 
observed and to show how such behavior emerges as a natural conse- 
quence of focusing attention upon so-called "essential" variables 
in the process of model simplification. The relationship of model 
simplification and oscillatory behavior is shown to be inextricably 
intertwined with the problems of bifurcation and catastrophe in 
that the oscillations emerge when critical system parameters, i.e., 
those retained in the simple model, pass through critical regions. 
The importance of the simplification, oscillatFon, bifurca- 
tion pattern is demonstrated here by consideration of several 
examples from the environmental, economic, and urban areas. 
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SIMPLE MODELS, CATASTROPHES 
AND CYCLES* 
1 .  ARTIFACTS, ATTRACTORS AND MEDIUM-SCALE PHENOMENA 
One o f  t h e  most o b v i o u s  f e a t u r e s  o f  human and n a t u r a l  re- 
s o u r c e  sys t ems  i s  t h a t  t h e y  o s c i l l a t e .  Whether t h e  sys t em i n -  
v o l v e s  f l u c t u a t i o n s  i n  a  macroeconomic i n d i c a t o r ,  change i n  
p o p u l a t i o n  of  a  f o r e s t  i n s e c t  p e s t  or  t h e  r e g u l a r  b e a t  o f  t h e  
human h e a r t ,  t h e  most e a s i l y  obse rved  a s p e c t  of  i t s  b e h a v i o r  i s  
t h a t  it i s  o s c i l l a t o r y ,  and o f t e n  p e r i o d i c .  Terms s u c h  a s  t h e  
r e s p i r a t o r y  " c y c l e " ,  t h e  K o n d r a t i e f f  "wave" and  t h e  c i r c a d i a n  
"rhythem" have  been  i n t r o d u c e d  t o  d i g n i f y  and acknowledge t h i s  
most b a s i c  a s p e c t  of  t h e  dynamica l  b e h a v i o r  o f  l i v i n g  sys t ems .  
But  what  i s  it t h a t  a c c o u n t s  f o r  t h i s  u b i q u i t o u s  o s c i l l a t o r y  
b e h a v i o r ?  Is  t h e r e  a  common mechanism a t  work h e r e  t h a t  f o r c e s  
human p r o c e s s e s  i n t o  a  p e r i o d i c  mode or  d o e s  e a c h  p r o c e s s  have 
i t s  own e c c e n t r i c ,  i n d i v i d u a l i s t i c ,  v i b r a t i o n - g e n e r a t i n g  scheme 
w i t h  no common t h r e a d  l i n k i n g  it t o  o t h e r  s u p e r f i c i a l l y  s i m i l a r  
p r o c e s s e s ?  P a r t  o f  o u r  s t o r y  i n  t h i s  p a p e r  i s  t o  p r o v i d e  a  s y s -  
t e m a t i c  e x p l a n a t i o n  f o r  why o s c i l l a t o r y  b e h a v i o r  i s  t h e  e x p e c t e d  
way f o r  sys t ems  t o  behave and  t o  show why long- term b e h a v i o r  
s u c h  a s  p o i n t  e q u i l i b r i a  i s ,  i n  t h e  a b s e n c e  of  s p e c i a l  problem 
c o n s t r a i n t s ,  a n  e x t r e m e l y  r a r e  o c c u r r e n c e  i n  r e a l  s y s t e m s .  
*Work p a r t i a l l y  s u p p o r t e d  by t h e  US N a t i o n a l  S c i e n c e  Foun- 
d a t i o n  under  G r a n t s  # CEE-81-00491 and CEE-81-10778. 
A second commonly o b s e r v e d  b e h a v i o r a l  f e a t u r e  i n  n a t u r a l  
sys t ems  i s  t h a t  t h e  a m p l i t u d e s  and /o r  p h a s e s  of  t h e  o s c i l l a t i o n s  
o f t e n  e x h i b i t  r a p i d  jumps, o r  d i s c o n t i n u i t i e s .  W e  a r e  a l l  de-  
p r e s s i n g l y  f a m i l a r  w i t h  s t o c k  marke t  c r a s h e s ,  p l a g u e s  o f  l o c u s t s  
and o u t b r e a k s  of w a r f a r e ,  b u t  t h e r e  a r e  many o t h e r  less d r a m a t i c  
b u t  e q u a l l y  i n t e r e s t i n g  " b i f u r c a t i o n s "  a r i s i n g  f rom o s c i l l a t o r y  
p r o c e s s e s .  Such b i f u r c a t i o n s  a r e  pr ima f a c i e  e v i d e n c e  o f  non- 
l i n e a r  i n t e r a c t i o n s  u n d e r l y i n g  t h e  o b s e r v e d  s y s t e m  b e h a v i o r ,  
and  a  d e s c r i p t i o n  o f  t h e  l i n k a g e  between theoscillation-generating 
mechanism and t h e  b i f u r c a t i o n - g e n e r a t i n g  mechanism i s  a  s e c o n d  
g o a l  of  t h i s  p a p e r .  
F i n a l l y ,  w e  come t o  t h e  i n t e r f a c e  be tween what  w e  c a n  a c t u -  
a l l y  o b s e r v e  a t  a macroscop ic  l e v e l  and  t h e  m i c r o l e v e l  i n t e r -  
a c t i o n s  g i v i n g  r ise t o t h e m a c r o p a t t e r n s .  I t  h a s  been  e m p i r i c a l l y  
o b s e r v e d  i n  many mode l ing  e x e r c i s e s  t h a t  t h e  e s s e n t i a l  b e h a v i o r a l  
p r o p e r t i e s  o f  a  s y s t e m  which i n v o l v e s  i n t e r a c t i o n s  of many v a r i -  
a b l e s  c a n  b e  c a p t u r e d  by c e n t e r i n g  a t t e n t i o n  upon a  s m a l l  number 
o f  m a c r o l e v e l  v a r i a b l e s  formed,  g e n e r a l l y ,  a s  some ( u s u a l l y  non- 
l i n e a r )  c o m b i n a t i o n s  of  m i c r o v a r i a b l e s .  U s u a l l y ,  t h e  o b s e r v e d  
m a c r o v a r i a b l e s  e x h i b i t  t h e  c h a r a c t e r i s t i c  o s c i l l a t i o n s ,  b i f u r -  
c a t i o n s ,  e t c . ,  and  wha t  i s  needed  i s  some s o r t  o f  meso- l eve l  
t h e o r y  e n a b l i n g  u s  t o  t r a n s l a t e  back-and- fo r th  be tween t h e  micro-  
v a r i a b l e s ,  which w e  c a n n o t  see o r  know and t h e  m a c r o p a t t e r n s .  
T h i s  t y p e  o f  model s i r n p Z i f i c a t i o n  q u e s t i o n  forms  t h e  f i n a l  p i e c e  
o f  t h e  s y s t e m  model ing  mosa ic  a d d r e s s e d  i n  t h i s  r e p o r t .  
Leav ing  a s i d e  f o r t h e m o m e n t  t h e  m a t h e m a t i c a l  f o r m u l a t i o n  o f  
o s c i l l a t i o n s  and  b i f u r c a t i o n s ,  l e t u s  c o n s i d e r  wha t  t h e c o n n e c t i o n  
c o u l d  b e  between e l e m e n t a r y  o s c i l l a t o r s  s u c h  a s  a pendulum o r  a  
v i b r a t i n g  s t r i n g ,  and  a  complex n a t u r a l  s y s t e m  l i k e  a n  economy, 
a  human n e r v o u s  s y s t e m  o r  a n  i n d u s t r i a l  o r g a n i z a t i o n .  F o r  s a k e  
of  d e f i n i t e n e s s ,  w e  c o n s i d e r  a  n a t i o n a l  economy. W e  c a n n o t  pos-  
s i b l y  measure  a l l  t h e i m p o r t a n t  e v e n t s  t a k i n g  p l a c e  i n a n  economy; 
n e v e r t h e l e s s ,  it i s  p o s s i b l e  t o  imag ine  a  dynamica l  s y s t e m  o f  
s u f f i c i e n t  c o m p l e x i t y  t o  model t h e s e  e v e n t s .  On g e n e r a l  g r o u n d s ,  
s u c h  dynamica l  s y s t e m s  have  a t t r a c t o r s  which c a n  b i f u r c a t e .  Fur -  
t h e r ,  e v e n  though w e  c a n n o t  measure  t h o s e  a t t r a c t o r s ,  w e  c a n  
sometimes o b s e r v e  t h e i r  b i f u r c a t i o n s  by means of  a r t i f a c t s .  F o r  
example, t h e  r a t e  of n a t i o n a l  growth i s  a n  a r t i f a c t  whose be- 
h a v i o r  c o u l d  n o t  p o s s i b l y  g i v e  any s i g n i f i c a n t  i n f o r m a t i o n  a b o u t  
t h e  i n t e r n a l  dynamics of  t h e  economy. N o n e t h e l e s s ,  when t h e  a t -  
t r a c t o r  i n s i d e  t h e  economy makes a  c a t a s t r o p h i c  jump, t h e  a r t i -  
f a c t  o u t s i d e  may w e l l  a l s o  e x h i b i t  a  sudden q u a l i t a t i v e  change 
i n  b e h a v i o r .  When such a  change o c c u r s  a t  t h e  same t i m e  a s  a 
s i g n i f i c a n t  change i n  some i n t e r n a l  m i c r o v a r i a b l e  l i k e  c o a l  pro-  
d u c t i o n ,  t h e n  it s t r o n g l y  s u g g e s t s  t h a t  t h e  a r t i f a c t  i s  r e f l e c t -  
i n g  i m p o r t a n t  b i f u r c a t i o n s  and jumps w i t h i n  t h e  economy. Thus,  
a l t h o u g h  t h e  a r t i f a c t  may be  a  p a l e  shadow of t h e  i n t e r n a l  
dynamics,  y e t  i t s  c a t a s t r o p h e s  may f u r n i s h  a n  i m p o r t a n t  i n d i - ,  
c a t o r  o f  s i g n i f i c a n t  e v e n t s .  I n  t h i s  s e n s e ,  t h e  a r t i f a c t  may 
p r o v i d e  a n o n t r i v i a l  q u a l i t a t i v e  model f o r  t h e  u n d e r l y i n g  econ- 
omic e v e n t s .  
What k i n d  of machinery c a n  w e  invoke i n  o r d e r  t o  p u t  t h e  
f o r e g o i n g  i d e a  o n t o  a  more c o n c r e t e  ma themat ica l  f o o t i n g ?  I n  
t h i s  p a p e r ,  we s h a l l  employ r e s u l t s  from t h e  t h e o r y  of  dynamical  
sys tems ,  a s  w e l l  a s  c o n c e p t s  from s i n g u l a r i t y  and c a t a s t r o p h e  
t h e o r y  i n  o r d e r  t o  p r o v i d e  a b a s i s  f o r  a  u n i f i e d  view of  model 
s i m p l i f i c a t i o n ,  o s c i l l a t o r y  b e h a v i o r  and sudden,  c a t a s t r o p h i c  
change i n  i m p o r t a n t  sys tem v a r i a b l e s .  Among t h e  q u e s t i o n s  t o  
be  a d d r e s s e d  are: 
- how can  we " s p l i t "  t h e  a r t i f a c t s  i n t o  l l e s s e n t i a l "  and 
" i n e s s e n t i a l f 1  v a r i a b l e s  s o  t h a t t h e o s c i l l a t o r y  and/or  
b i f u r c a t i n g  b e h a v i o r  o c c u r s  on ly  'in t h e  e s s e n t i a l  
v a r i a b l e s ?  
- can w e  " e x p l a i n "  t h e  appearance  o f  o s c i l l a t o r y  behav- 
i o r  i n  a l m o s t  e v e r y  human system? 
- how c a n  we p r e d i c t  q u a l i t a t i v e  changes i n  t h e  ampli-  
t u d e s  and/or  phases  of  a s y s t e m ' s  observed o s c i l l a t o r y  
b e h a v i o r ?  
- can we r e g u l a t e  o r  c o n t r o l  o s c i l l a t o r y  b e h a v i o r  and/or  
sys tem b i f u r c a t i o n s ?  
While we c a n n o t  p r e t e n d  t o  a  complete answer t o  any of t h e s e  
q u e s t i o n s ,  t h e  r e s u l t s  of  t h e  p a p e r  shed  c o n s i d e r a b l e  l i g h t  on 
t h e s e  and r e l a t e d  i s s u e s  and p r o v i d e  a b a s i s  f o r  a more d e t a i l e d  
s t u d y  of s p e c i f i c  p r o c e s s e s ,  A s  i l l u s t r a t i o n  of how t h e  methods 
work i n  p r a c t i c e ,  t h e  p a p e r  conc ludes  w i t h  a  d i s c u s s i o n  of  t h e  
oscillatory/bifurcation/simplification q u e s t i o n  f o r  economic 
c y c l e s ,  t h e  emergence of s o c i a l  and h i s t o r i c a l  t r e n d s  and t h e  
c y c l i c  b eh av i o r  of l a r g e  ecosys tems,  a s  w e l l  a s  a  d i s c u s s i o n  of  
how c o n t r o l  t h e o r y  may be used t o  i n f l u e n c e  a  s y s t e m ' s  n a t u r a l  
o s c i l l a t o r y  mot ions .  
2 .  IS  NATURE OSCILLATORY? 
Suppose t h a t  w e  model a  n a t u r a l  sys tem N by a  mathemat ica l  
dynamic p r o c e s s  C,where C c o n s i s t s  of a  mu l t i d imens iona l  mani- 
f o l d  of s t a t e s  M ,  t o g e t h e r  w i t h  a  v e c t o r  f i e l d  X : M + M .  I n  
t h e  t e r m s  used above,  N r e p r e s e n t s  t h e  se t  of i n t e r n a l  micro- 
v a r i a b l e s ,  w h i l e  X i s  t h e  r u l e  s p e c i f y i n g  t h e  s t a t e  t r a n s i t i o n s .  
I n  t h e  c a s e  of a  n a t i o n a l  economy, w e  a r e  q u i t e  p repared  f o r  t h e  
9 dimension o f  PI t o  be  a s  g r e a t  a s  1 0  o r  more. R ega rd l e s s  of t h e  
dimension of M ,  t h e  cO- ensi it^ Theorem [ I - 2 1  a s s e r t s  t h a t  i f  t h e  
v e c t o r  f i e l d  X i s  s t r u c t u r a l l y  s t a b l e  (which can be  gua ran t eed  
by making an a r b i t r a r i l y  s m a l l  con t inuous  p e r t u r b a t i o n  of  X I ,  
t h e n  t h e  o n l y  a t t r a c t o r s  of X a r e  f i x e d  p o i n t s  (=  s t a b l e  equ i -  
l i b r i a )  and c l o s e d  o r b i t s  (= l i m i t  c y c l e s ) .  
P o i n t  a t t r a c t o r s  a r e  e a s y  t o  unders tand  and i f  C c o n t a i n s  
pa ramete r s  which r e p r e s e n t  i t s  i n t e r a c t i o n s  w i t h  an e x t e r n a l  
d r i v i n g  sys tem,  t h e n  t h e  e q u i l i b r i a  w i l l  b i f u r c a t e  on ly  accord-  
i n g  t o  t h e  s o - c a l l e d  "e lementary"  c a t a s t r o p h e s .  Such a t t r a c t o r s  
imply t h a t  X i s  a  g r a d i e n t  dynamic, i . e . ,  X = -grad  $,  where 
$ : M + R i s  some sys tem energy  o r  p o t e n t i a l  f u n c t i o n .  
However, t h e r e  a r e  two compel l ing  r ea sons  why t h e  c l o s e d  
o r b i t  a t t r a c t o r s  a r e  more i n t e r e s t i n g  t h a n  t h e  p o i n t  a t t r a c t o r s .  
F i r s t ,  t h e  e m p i r i c a l  ev idence  i n  n a t u r e  s t r o n g l y  s u g g e s t s  t h a t  
p e r i o d i c i t y  i s  t h e  r u l e ,  and s t a t i c  e q u i l i b r i u m  t h e  e x c e p t i o n .  
Second, on e v o l u t i o n a r y  grounds system N t h a t  can  respond 
t o  t h e  environment more s w i f t l y  t h a n  i t s  ne ighbors  ha s  a  compet- 
i t i v e  advantage .  I f  N had on ly  p o i n t  a t t r a c t o r s ,  it would re- 
main s t a b l e  whenweaklycoupled t o  any o t h e r  s t a b l e  sys tem ( e . g . ,  
t h e  environment)  and ,  hence ,  cou ld  n o t  respond t o  e x t e r n a l  d i s -  
t u r b a n c e s .  On t h e  o t h e r  hand,  a  sys tem N wi th  c l o s e d  o r b i t s  
c a n  r e s o n a t e  w i t h ,  and lock-on t o ,  t h e  a t t r a c t o r s  o f  any sys tem 
it i s  even weakly coupled w i t h ,  t h u s  N can respond q u i c k l y .  Con- 
s e q u e n t l y ,  we ex p ec t  N t o  evo lve  non-grad ien t  dynamics and l i m i t  
c y c l e s .  By c o n t r a s t  a  deve lop ing  sy s t emdoes  notwant  t o  be t o o  
p e r t u r b e d  by t h e  environment du r ing  i t s  c r u c i a l  s t a g e  of develop- 
ment; hence ,  we would expec t  it t o  evo lve  g r a d i e n t  dynamics and 
e q u i l i b r i u m  s t a t e s  i n  i t s  embryonic phase ,  which i s  e x a c t l y  what 
one obse rves  i n  t h e  e a r l y  phases  of most n a t u r a l  sys tems .  
I n  p a s s i n g ,  l e t  u s  n o t e  t h a t  t h e  fo r ego ing  a b s t r a c t  gener-  
a l i t i e s  can be  b rought  down t o  t h e  l e v e l  of e lementa ry  d i f f e r -  
e n t i a l  e q u a t i o n s  by n o t i n g  t h e  fo l l owing  
Periodicity Lemma. If y ( t )  is a measured closed orbit 
of an arbitrary dynamical system, then there exists a 
2nd-order differential equation having y ( t )  as its 
unique attractor. 
Proof, Without  l o s s  of g e n e r a l i t y ,  assume t h a t  t h e  c l o s e d  
o r b i t  ha s  p e r i o d  2 ~ r  ( t h i s  can  always be a r r anged  by re- 
pa r ame te r i z i ng  t h e  t ime - sca l e )  . Consider  t h e  2nd-order 
system 
I t  can  be v e r i f i e d  t h a t  t h e  g e n e r a l  s o l u t i o n  of t h i s  equa- 
t i o n  i s  
x ( t )  = y ( t )  + A e-t cos  ( t  - a )  , 
where A and a a r e  c o n s t a n t s .  Thus, a l l  s o l u t i o n s  decay t o  
y  ( t)  a s  c la imed ,  
The P e r i o d i c i t y  Lemma shows t h a t  we need n o t  look beyond a  
s imp le  2nd-order d i f f e r e n t i a l  e q u a t i o n  i f  we d e s i r e  t o  model a  
p e r i o d i c  phenomena c h a r a c t e r i z e d  by t h e  s c a l a r q u a n t i t y  y ( t ) .  I n  
o t h e r  words, o s c i l l a t o r s  d e s c r i b e d  by 2nd-order sys tems form t h e  
b u i l d i n g  b locks  f o r  a l l  sys tems e x h b i t i n g  p e r i o d i c  behav io r .  W e  
r e t u r n  t o  t h i s  p o i n t  l a t e r .  
Before  p r o c e e d i n g f i t  i s  wor thwhi le  t o  n o t e  t h a t  i n  t h i s  re- 
p o r t  a  d i s t i n c t i o n  w i l l  be  made between u s e  of t h e  word " o s c i l -  
l a t o r y "  and t h e  t e r m  " p e r i o d i c " .  A system can  e x h i b i t  o s c i l l a t o r y  
behavior without being periodic, but not conversely. For in- 
stance, the sysbem x + a; + x = 0, a > 0, is oscillatory, having 
trajectories which are spirals in the  lane, but the tra- 
jectories are periodic only if a = 0. It is most likely the 
case that real systems exhibit behavior which is oscillatory of 
this nature, rather than truly periodic since perturbations of 
one sort or another continually push. the system off of one orbit 
and onto another. Most of the discussions which follow will be 
seen to apply equally well to either oscillatory or periodic 
motion, so we shall make a clear distinction only in those situ- 
ations where confusion may arise. 
3. A ZOO OF OSCILLATORS 
As natural building blocks for oscillatory behavior, let 
us consider some of the classical oscillators and a few of their 
main features. 
(a) The Simple Harmonic OsciZZator-here the dynamics are 
In the (~,i)-~hase plane, the trajectories of this system 
are concentric circles, whose radii depend upon the initial 
position and velocity. This flow isnot structurally stable 
as the introduction of arbitrarily small damping changes 
the topological type of the orbits. 
(b) The Van der Po2 OsciZZator-This is one of the simplest 
structurally stable nonlinear perturbations of the harmonic 
oscillator. The dynamical equation is 
In the phase plane, the orbits of this system are shown in 
Figure 1. The system has a repellor at the origin and an 
attracting limit cycle of radius near 2. 
Figure 1. The orbits of the Van der Pol Oscillator. 
(c) Duffing ' s  Equation-another structurally stable pertur- 
bation of the harmonic oscillator is Duffing's oscillator, 
which is described by the equation 
where E > 0, E < <  I ,  k, F > 0, R = 1 + EW, a, w are real 
parameters. If the perturbation away from the harmonic 
oscillator is small (a, w small), the attractors ofthe flow 
are either one attracting limit cycle or two point equilbria 
and one saddle-type limit cycle. The amplitude A and phase 
@ of the limit cycles are given (to order E) by the equa- 
tions 
- t a n  @ = 4k 
3 c . x ~ ~  - 8w 
The g r a p h  o f  A a s  a  f u n c t i o n  o f  t h e  p a r a m e t e r s  a ,  w a s  
g i v e n  by e q u a t i o n  ( 3 )  h a s  two c u s p  c a t a s t r o p h e s .  A f t e r  
e l i m i n a t i n g  A from e q u a t i o n  ( I ) ,  w e  o b t a i n  t h e  f o l l o w i n g  
e q u a t i o n  f o r  t h e  c u s p  p o i n t s  
G e o m e t r i c a l l y ,  t h e  p i c t u r e  i s  a s  shown i n  F i g u r e  2 .  A t  
e a c h  c u s p ,  t h e  upper  and  lower  sheets r e p r e s e n t  a t t r a c t o r s ,  
w h i l e  t h e  m i d d l e  s h e e t  i s  s a d d l e s .  When a  = 0  t h e  e q u a t i o n  
i s  l i n e a r  and t h e r e  i s  a lways  a  u n i q u e  a t t r a c t o r ,  whose 
a m p l i t u d e  r e a c h e s  a  maximum A = F/k when w = 0 ,  i . e . ,  when 
t h e  f o r c i n g  f r e q u e n c y  e q u a l s  t h a t  o f t h e  o r i g i n a l  o s c i l l a t o r  
caus ing .  r e s o n a n c e .  
When a  > - kJS t h e n  t h e  c u s p  c a t a s t r o p h e  can  o c c u r .  I f  o 2 
i s  t h e n  s l o w l y  i n c r e a s e d  from n e g a t i v e  t o  p o s i t i v e  v a l u e s ,  
A smoothly  i n c r e a s e s  t o  t h e  maximum A = F/k a t  a  p o i n t  i n -  
2  2  s i d e  t h e  c u s p  w = 3aF /8k . I f  w i s  f u r t h e r  i n c r e a s e d  t h e n  
t h e  l a r g e r  a t t r a c t o r  w i l l  c o a l e s c e  w i t h  t h e  s a d d l e  and d i s -  
a p p e a r ,  c a u s i n g  a  c a t a s t r o p h i c  jump t o  t h e  lower  ( s m a l l e r )  
a t t r a c t o r .  C o n v e r s e l y ,  a  d e c r e a s e  o f  w w i l l  c a u s e , a  c a t a -  
s t r o p h i c  i n c r e a s e  i n  a m p l i t u d e  and  p h a s e - s h i f t .  
F i g u r e  2 .  B i f u r c a t i o n  o f  t h e  D u f f i n g  O s c i l l a t o r .  
By a d d i n g  f u r t h e r  n o n l i n e a r  t e r m s  t o  t h e  D u f f i n g  o s c i l l a -  
3  t o r ,  f o r  example ,  by r e p l a c i n g  a x  by a1x3 + a 2 x 5  + , 
t h e n  t h e  g r a p h  o f  A o v e r  t h e  e n l a r g e d  p a r a m e t e r  s p a c e  w i l l  
e x h i b i t  h i g h e r  c a t a s t r o p h e s  such  a s  t h e  b u t t e r f l y .  The i m -  
p o r t a n t  c o n c l u s i o n  f rom t h i s  a n a l y s i s  i s  t o  o b s e r v e  t h a t  
smooth c h a n g e s i n t h e  f r e q u e n c y  of  t h e  f o r c i n g  t e r m c a n c a u s e  
b o t h  smooth and  c a t a s t r o p h i c  changes  i n  a m p l i t u d e  and  p h a s e  
o f  t h e  o s c i l l a t o r .  I n  o t h e r  words ,  by even  weakly  c o u p l i n g  
t h e  o r i g i n a l  o s c i l l a t i n g  s y s t e m  t o  a n o t h e r  o s c i l l a t i n g  
" e n v i r o n m e n t " ,  t h e  o r i g i n a l  s y s t e m  c a n  e x h i b i t  c a t a s t r o p h i c  
changes  I n  a m p l i t u d e  and  f r e q u e n c y  b r o u g h t  on by i t s  i n t e r -  
a c t i o n  w i t h  t h e  env i ronmen t .  
( d l  The Hopf Birfurcation- he s i m p l e s t  and  m o s t  i m p o r t a n t  
example o f  a s t a b l e  b i f u r c a t i o n  o f  a n  o s c i l l a t o r  which  i s  
n o t  governed  by e l e m e n t a r y  c a t a s t r o p h e  t h e o r y  i s  t h e  so-  
c a l l e d  Hopf b i f u r c a t i o n ,  i n  which a  s t a b l e  p o i n t  e q u i l i b -  
r ium l o s e s  i t s  s t a b i l i t y  and  t u r n s  i n t o  a  r e p e l l o r  t o g e t h e r  
w i t h  t h e  a p p e a r a n c e  o f  a  s t a b l e  l i m i t  c y c l e .  T h i s  case i s  
n o t  gove rned  by e l e m e n t a r y  c a t a s t r o p h e  t h e o r y  s i n c e  it c a n  
b e  shown t h a t  t h e r e  d o e s  n o t  e x i s t  a s t a b l y  b i f u r c a t i n g  
Lyapunov f u n c t i o n  g o v e r n i n g  t h e  a p p e a r a n c e  o f  t h e  l i m i t  
c y c l e .  
To i l l u s t r a t e  t h e  Hopf b i f u r c a t i o n  more c o n c r e t e l y  c o n s i d e r  
a g a i n  t h e  Van d e r  P o l  o s c i l l a t o r  w i t h  p a r a m e t e r  y :  
when y < 0 t h e  f l o w  i n  t h e  p h a s e  p l a n e  h a s  o n l y  a n  a t t r a c t -  
i n g  p o i n t  e q u i l i b r i u m  a t  t h e  o r i g i n ;  when y > 0 t h e  o r i g i n  
t u r n s  i n t o  a  r e p e l l o r  and  an  a t t r a c t i n g  l i m i t  c y c l e  a p p e a r s  
of  r a d i u s  s 2 6  . I f  w e  a r e  i n  t h e  s i t u a t i o n  where  y > 0 
and E l a r g e ,  t h e n  t h e  l i m i t  c y c l e  h a s  t h e  s h a p e  i n d i c a t e d  
i n  F i g u r e  3 and t h e  form o f  x  i t s e l f  r e s e m b l e s  a  s q u a r e  
wave. 
Figure  3.  The Damped Van d e r  Po l  O s c i l l a t o r  w i th  l a r g e  E.  
( e )  Van d e r  Pol  O s c i l l a t o r  w i t h  l a r g e  Damping-If E i s  
l a r g e ,  F i g u r e  3 shows t h a t  G i s  no l onge r  a  s u i t a b l e  v a r i -  
a b l e  w i th  which t o  c h a r a c t e r i z e  t h e  f low s i n c e  it  can be- 
come very  l a r g e .  So,  it i s  b e t t e r  t o  use  z  = I x  i n  t h e  
fo l l owing  way. 
Le t  t h e  i n i t i a l  v a l u e s  o f  x  and k be x  and G o ,  r e s p e c t i v e l y  
0 
and l e t  
where z  = 
0 
W e  now have 
S u b s t i t u t i n g  i n t o  t h e  o r i g i n a l  e q u a t i o n s  we o b t a i n  
which w e  can w r i t e  as  t h e  2nd-order system 
X 
3 
x = - K ( T - y X - z )  I ( " f a s t " )  
These e q u a t i o n s  a r e  termed " f a s t "  and "slow" because  w i t h  K 
l a r g e ,  t h e  r a t e  of  change of x i s  much g r e a t e r  t h a n  t h a t  
o f  z .  Thus,  z may be  regarded  as a parameter f o r  t h e  be- 
h a v i o r  of  x. The e q u i l i b r i a  of  x a r e  g i v e n  by t h e  e q u a t i o n  
which l e a d s  t o  a  c u s p  c a t a s t r o p h e  s i n c e  w e  a r e  t r e a t i n g  z 
a s  a  p a r a m e t e r .  
W e  g e o m e t r i c a l l y  i n t e r p r e t  t h i s  s i t u a t i o n  i n  F i g u r e  4 a s  
f o l l o w s .  Off t h e  s u r f a c e  M I  t h e  f a - s t  e q u a t i o n  e n s u r e s  t h a t  
t h e  t r a j e c t o r i e s  are v e r y  n e a r l y  p a r a l l e l  t o  t h e  x - a x i s .  
The sys tem w i l l  t h e n  q u i c k l y  move t o  t h e  s u r f a c e  M .  T h i s  
makes 2 = 0 ,  s o  t h e  sys tem i s  t h e n  governed e n t i r e l y  by 
t h e  s low e q u a t i o n .  I f  y > 0 ,  t h e  sys tem moves i n  an o r b i t  
( l i k e  t h a t  shown i n  F i g u r e  4 ) ,  e x h i b i t i n g  sudden jumps and 
h y s t e r e s i s .  W e  s h a l l  c o n s i d e r  t h i s  sys tem i n  g r e a t e r  de- 
t a i l  i n  S e c t i o n  9 .  
F i g u r e  4 .  The Van d e r  P o l  e q u a t i o n  a s  a  c u s p  c a t a s t r o p h e .  
( f )  The Lorenz A t t r a c t o r  and Chaos-At f i r s t  g l a n c e  it 
migh t  a p p e a r  t h a t  t h e  r e g u l a r i t y  i m p l i c i t  i n  o s c i l l a t o r y  
and p e r i o d i c  mot ion  would b e  a n t i p o d a l  t o  t h e  i d e a  o f  
c h a o t i c  and t o t a l l y  u n p r e d i c t a b l e  b e h a v i o r .  Y e t  t h e  two 
c o n c e p t s  have  much t o  d o  w i t h  e a c h  o t h e r  a s  t h e  f o l l o w i n g  
p r o t o t y p i c a l  example ,  due  t o  Lorenz  [ 3 1  shows. The dynami- 
ca l  e q u a t i o n s  f o r  t h e  Lorenz a t t r a c t o r  a r e  
where a ,  r and  b  a r e  c o n s t a n t s .  I t  c a n  b e  shown t h a t  when 
and 
t h e  mot ion  o f  t h e  above  sys t em i s  c h a o t i c ,  i . e . ,  t h e r e  a r e  
a c o u n t a b l y  i n f i n i t e  numbers o f  p e r i o d i c  o r b i t s  of  i n f i n -  
i t e l y  l o n g  p e r i o d ,  a s  w e l l  a s  a n  u n c o u n t a b l e  number o f  
i n i t i a l  c o n d i t i o n s  f o r  which t r a j e c t o r i e s ,  a l t h o u g h  bounded,  
do  n o t  se t t l e  i n t o  any  c y c l e .  The i m p o r t a n t  p o i n t  t o  n o t e  
h e r e  i s  t h a t  t h e  i n i t i a l  c o n d i t i o n s  l y i n g  on a p e r i o d i c  
o r b i t s  ( i . e . ,  t h o s e  which l e a d  t o  c h a o t i c  b e h a v i o r )  form a  
3 d e n s e  s e t  i n  R . Thus ,  u n d e r  t h e  c o n d i t i o n s  on a ,  b  and 
r s t a t e d  above ,  t h e  e x p e c t e d  b e h a v i o r  of  t h e  s y s t e m  i s  c h a o s ,  
even  though  a n  i n f i n i t e  number o f  i n i t i a l  c o n d i t i c n s  l e a d  
t o  p e r i o d i c  mot ion .  
A l l  o f  t h e  s t a n d a r d  models  o f  o s c i l l a t o r y  b e h a v i o r  s k e t c h e d  
h e r e  have  i n v o l v e d  s i m p l e  low-dimens iona l  s y s t e m s  of e q u a t i o n s .  
I t  is  n a t u r a l  t o  wonder w h e t h e r  o r  n o t  s u c h  e l e m e n t a r y  s y s t e m s  
c a n  a c t u a l l y  p r o v i d e  a d e q u a t e  b u i l d i n g  b l o c k s  f o r  t h e  r i c h  v a r i e t y  
of oscillatory behavior seen in natural and human phenomena. 
The Periodicity Lemma given earlier provides some of the motiva- 
tion for such a claim, showing that 2nd-order systems are rich 
enough tomimicany scalar oscillatory process. But now we wish 
to turn to the issue of model simplifications and showhow it is 
possible to look at a high-dimensional, complex process in such 
a way that we can systematically "factor out" a lower- 
dimensional piece, called the "center manifold" for study of 
the system cyclic character. In other words, for study of the 
essentially nonlinear phenomena of bifurcation and oscillation 
we can study a simplified version of the original system con- 
sisting ofthatpart of the system "living" on the center mani- 
fold. The problem is how to find such a center manifold. 
4 .  THE CENTER MANIFOLD THEOREM 
The basic idea underlying the Center Manifold Theorem is 
an abstraction of the idea of uncoupled equations. Here.wefollow 
the development in [ 4 1 .  Consider the system 
where x E R", y E R~ and A and B are constant matrices such that 
the characteristic values of A are all purely imaginary, i.e., 
Re Xi(A) = 0, i = 1,2, ..., n. Further, assume B is a stability 
matrix and that the functions f and g are smooth with 
f (0,O) = g(0,O) = fl(O,O) = gl(O,O) = 0 (where f' denotes the 
Jacobian natrix of f) . 
If f and g are identically zero than the system has'two in- 
variant manifolds, namely x = 0 and y = 0. The manifold y = 0 
is called the stable manifold since if we restrict initial con- 
ditions to y = 0, all solutions of the system tend to zero. The 
manifold of x = 0 is called the center manifold. In general, if 
y = h(x) is an invariant manifold for ( $ )  and h is smooth, then 
it is called a center manifold if h(0) = hl(0) = 0. 
Note t h a t  i f  f  = g  = 0, t h e n  a l l  s o l u t i o n s  of  ( i) t e n d  ex- 
p o n e n t i a l l y  f a s t  a s  t + t o  s o l u t i o n s  of  
That  i s ,  t h e  e q u a t i o n  on t h e  c e n t e r  man i fo ld  d e t e r m i n e s  t h e  
a s y m p t o t i c  b e h a v i o r  of t h e  e n t i r e  sys tem up t o  e x p o n e n t i a l l y  de- 
c a y i n g  t e r m s .  The C e n t e r  Manifold Theorem j u s t i f i e s  e x t e n d i n g  
t h i s  c o n c l u s i o n  t o  t h e  c a s e  when f  and g  a r e  non-zero.  
The t h r e e  theorems t h a t  f o l l o w  t a k e n  t o g e t h e r  comprise  t h e  
c o n t e n t  of t h e  C e n t e r  Manifo ld  Theorem. 
Theorem 1. There exists a center manifold y  = h ( x )  for 
the system (i) for 1x1 sufficiently small. 
The b e h a v i o r  of  ( i) on t h e  c e n t e r  m a n i f o l d  i s  governed by 
t h e  n-dimensional  sys tem 
Not ice  h e r e  t h a t  t h e  e x i s t e n c e  of  t h e  c e n t e r  man i fo ld  h ( x )  
means t h a t  t h e r e  e x i s t s  a  t r a n s f o r m a t i o n  of t h e  x  c o o d i n a t e s  
such  t h a t  y = h ( . x ) .  I n  o t h e r  words,  w e  can r e p l a c e  t h e  y  
v a r i a b l e s  i n  t h e  f i r s t  e q u a t i o n  i n  ( i)  by a  s u i t a b l e  cornbi- 
n a t i o n  of x  v a r i - a b l e s  and t h e r e b y  decoup le  t h e  x  and y  
e q u a t i o n s .  The n e x t  theorem t e l l s  u s  t h a t  a l l  t h e  informa- 
t i o n  needed t o  d e t e r m i n e  t h e  a s y m p t o t i c  b e h a v i o r  of  s o l u -  
t i o n s  of ( i)  n e a r  t h e  o r i g i n  is  c o n t a i n e d  i n  t h e  e q u a t i o n .  
(-*) 
Theorem 3. (a) Suppose that the zero solution of ( * )  is 
stable (asymptotically stable)(unstabZe). Then the zero 
solution of (i) is also stable (asymptoticaZly stable) 
(unstable). 
(b) Suppose that the zero solution of ( * )  is 
stable. Let x ( t ) ,  y ( t )  be a solution of ( t )  with ) X ( O > . (  
I y  ( 0 )  1 s u f f i c i e n t l y  s m a l l .  Then  t h e r e  e x i s t s  a  s o l u t i o n  
u ( t )  o f  ( * )  s u c h  t h a t  t + 
Now t h e  q u e s t i o n  a r i s e s  as t o  how t o  a c t u a l l y  c a l c u l a t e  t h e  
c e n t e r  m a n i f o l d  y  = h ( x )  . I f  w e  s u b s t i t u t e  y  = h [ x ( t )  ]
i n t o  t h e  second e q u a t i o n  i n  ( t )  w e  o b t a i n  
Th i s  e q u a t i o n ,  t o g e t h e r  w i t h  t h e  c o n d i t i o n s  h  ( 0 )  = h '  ( 0 )  = 0 
i s  t h e  e q u a t i o n  which must be  s o l v e d  f o r  t h e  c e p t e r  man i fo ld .  
I n  g e n e r a l ,  t h i s  i s  i m p o s s i b l e  s i n c e  it i s  e q u i v a l e n t  t o  
s o l v i n g  t h e  o r i g i n a l  problem ( t ) .  However, Theorem 3 below 
shows t h a t ,  i n  p r i n c i p l e ,  t h e  c e n t e r  man i fo ld  can  be  approx- 
imated  t o  any d e s i r e d  d e g r e e  of  a c c u r a c y .  
For  purposes  of n o t a t i o n ,  l e t  @ : Rn + Rm b e  a  c o n t i n u o u s l y -  
d i f f e r e n t i a b l e  f u n c t i o n  and d e f i n e  t h e  o p e r a t i o n  [M@] ( x )  
a s  f o l l o w s  
Note t h a t  i f  @ = h ,  t h e n  [Mh] ( x )  = 0 .  
Theorem 3 .  L e t  @ be a s  above  w i t h  @ ( 0 )  = + '  ( 0 )  = 0 .  
Suppose  t h a t  a s  x  + 0 ,  [ M @ ]  ( x )  = 0 (  1 x 1 ~ )  f o r  q  > 1 .  Then  
a s  x  + 0 ,  I h ( x )  - + ( x ) l  = o ( I x 1 q ) .  
Thus, we c a n  employ t h e  f u n c t i o n  @ ( x )  t o  approximate  h ( x )  
up t o  t e r n s  0 ( l x I q ) .  
I n  o r d e r  t o  f i x  t h e  i d e a s  i n h e r e n t  i n  t h e  C e n t e r  Manifold 
Theorem, it i s  u s e f u l  t o  c o n s i d e r  examples of t h e  a p p l i c a t i o n s  
of Theorems 1-3. 
Example 1. Cons ider  t h e  system 
w i t h  x and y  s c a l a r  v a r i a b l e s ,  a , b , c , d  c o n s t a n t .  
By T h e s ~ e m  3 ,  t h i s  sy s t emhas  a  c e n t e r  mani fo ld  y  = h ( x ) .  
To approximate  h ( x ) ,  w e  set 
2  For  any f u n c t i o n  @ ( x )  such t h a t  @ ( X I  = ~ ( ( x l  ) , [ M @ 1  ( x )  = 
4 @ ( x )  - cx2 + 0  ( 1 xl ) . Hence, i f  w e  t a k e  4 ( x )  = cx2 ,  t h e n  
4 4 [M$] (x )  = ~ ( ( x  ) ,  s o  by Theorem 3 ,  h ( x )  = cx2 + ~ ( l x l  1 .  
By Theorem 2 ,  t h e  e q u a t i o n  which de t e rmines  t h e  s t a b i l i t y  
of  t h e  o r i g i n a l  sys tem i s  
Thus, t h e  o r i g i n  i s  s t a b l e  i f  ( a  + , c )  < 0 and u n s t a b l e  i f  
( a  + c )  > 0 .  If a  + c  = 0 t h e n  w e  have t o  o b t a i n  a  b e t t e r  ap- 
p rox imat ion  t o  h .  
2 Suppose a  + c  = 0 .  L e t  @I ( x )  = cx + $ ( x ) ,  where $ ( x )  = 
O (  1x1 4 ) .  Then 
4 
~ h u s ,  i f  4 ( X I  = cx2  + cdx , 6 [ M @ l  ( x )  = 0  ( I x  ( and ,  by 
6 Theorem 3 ,  h  ( x )  = cx2 + cdx4 + 0  ( 1 x  ( ) . The e q u a t i o n  govern ing  
s t a b i l i t y  of t h e  o r i g i n a l  system i s  now 
Hence, if a + c = 0, the origin of the original system is 
stable if cd + bc2 < 0 and unstable if cd + bc2 > 0. Again, if 
cd + bc2 = 0, we have to obtain a better approximation to h. 
It is important to emphasize here again what the Center 
Manifold Theorem has accomplished. By defining the new variable 
y = h(x) C$ (x) , the asymptotic behavior of the original 2- 
dimensional system in the x-y variables has been reduced to the 
study of the asymptotic behavior of the 1-dimensional system in 
the u-variable. Thus, by the nonlinear "coordinate change", 
x + h(x), the original system has been decoupled in such a 
fashion that the asymptotic behavior is determined only by the 
behavior of the original system on the center manifold y = h(x). 
In a rather precise way, the function h(x) tells us the "right" 
way to combine the x-variables in order to decouple the problem, 
and to reduce its study to a lower-dimensional "simpler" problem. 
Example 2 .  B i f u r c a t i o n s .  Let us consider the system 
where z E R n+m and A is a p-dimensional parameter. 
Suppose that the linearization of the system about z = 0 
If the characteristic values of F(0) all have non-zero real 
parts then, for \ h i  small, small solutions of the original sys- 
tem behave like solutions of the linearized system so that 
A = 0 is not a bifurcation point. Thus, the only interesting 
situation is when F(0) has characteristic values on the imagin- 
ary axis. 
Suppose F(0) has n purely imaginary roots and m roots in 
the left half-plane (we assume there are no unstable roots since 
we are interested only in the bifurcation of stable phenomena). 
We can now rewrite the original system as 
where f and g vanish together with their derivatives at 
(x,y,x) = (O,O,O) 
By Theorem 1, the system ( C )  has a center manifold 
y = h(x,X), for Ixl, 1x1 small, By Theorem 2 the behavior of 
small solutions of (C) is governed by the equation 
In applications n is usually 1 or 2 so the reduction from the 
original system is generally very significant. 
Before leaving the Center Manifold Theorem, it is useful to 
mention some of the ways in which it may be extended, since the 
results given here are only the simplest results of this type. 
(i) Under rather weak assumptions, we can replace the 
equilibrium point at the origin by invariant sets. 
This enables us to consider the behavior of a sys- 
tem in a neighborhood of a periodic orbit rather 
than just a point equilibrium; 
(ii) the assumptions that the characteristic values of 
the linearized problem all have non-positive real 
parts can be dropped; 
(iii) similar results can be obtained for certain classes 
of infinite-dimensional equations involving time- 
delays and/or partial differential equations; 
(iv) the results given here for the continuous-time case 
(flows) can be extended to discrete-time case (maps). 
5. A BIOllEDICAL EXAMPLE-LIMIT CYCLES IN IFlMUNE RESPONSE 
A problem which illustrates application of most of the 
ideas presented above arises in the study of the immune response 
to an antigen. The mathematical model of this process is given 
by the system [ 4 1  
where E I  6, y l r  y2 are positive parameters. Here a and b repre- 
sent concentrations of the antigens, while x measures the stimu- 
lation of the immune system in response to the antigens. The 
stimulation is assumed to take place on a much faster time-scale 
than the antigen dynamics, so we take E << 1. This situation is 
of exactly the same "fast-slow" type discussed earlier in connec- 
tion with the damped Van der Pol oscillator with large damping. 
Here we will employ center manifold theory to show that the sys- 
tem (IR) has a periodic solution bifurcating from a fixed point 
for certain values of the parameters, i.e., there is a Hopf bi- 
furcation. 
Let (x*, a*, b*) be an equilibrium point for the system 
(IR). If b* # 0, then a* = y2/y1 and x* and b* satisfy the 
equations 
For the remainder of our discussion, assume that a* = y /y 2 1' 
If we let 
y = a - a * ,  z = b - b *  , w = - $ ( x -  x*) - x*y - z 
-20- 
$ =  3x*2 + a *  - 1/2  
t h e n  i f $ #  0  
E G  = ~ ( w I ~ I Z I E )  I 
j. = f 2 ( ~ l ~ l z l E )  I 
; = f 3 ( w l ~ / z 1 E )  1 
where 
To p u t  a l l  e q u a t i o n s  o f  t h e  above s y s t e m  on  t h e  same t i m e -  
s c a l e ,  l e t  s = t / ~  and  now d e n o t i n g  d i f f e r e n t i a t i o n s  w i t h  r e s p e c t  
t o  s by I ,  w e  c a n  r e w r i t e  t h e  w-y-z s y s t e m  as 
Suppose + > 0 .  Then t h e  l i n e a r i z e d  v e r s i o n  o f  t h e  above 
s y s t e m  has  one n e g a t i v e  c h a r a c t e r i s t i c  v a l u e  and 3 ze ro  r o o t s .  
Hence, by Theorem 1 ,  t h e r e  e x i s t s  a  c e n t e r  mani fo ld  
By Theorem 2 ,  t h e  l o c a l  behav io r  o f  t h e  s o l u t i o n s  t o  t h e  sys tem 
i s  de te rmined  by t h e  e q u a t i o n  
o r ,  i n  t e r m s  o f  t h e  o r i g i n a l  t ime - sca l e ,  
W e  must s t u d y  t h e  sys tem ( # )  t o  see abou t  t h e  p o s s i b i l i t y  o f  a  
Hopf b i f u r c a t i o n .  
The l i n e a r  p a r t  o f  t h e  ( # )  sys tem n e a r  y  = z = 0 is  given  
by 
I f  ( # )  i s  t o  have a Hopf b i f u r c a t i o n ,  t h e n  w e  must have 
t r a c e  J ( E )  = 0 
and 
From t h e  e a r l i e r  a n a l y s i s ,  w e  a l s o  know t h a t  x* and b* a r e  s o l u -  
t i o n s  o f  t h e  e q u i l i b r i u m  e q u a t i o n s  and,  f o r  t h e  problem t o  make 
p h y s i c a l  s e n s e ,  w e  must a l s o  have lx*l < 1 ,  b* > 0 and + > 0 .  
The s a t i s f a c t i o n  o f  t h e s e  requ i rements  i s  a s s u r e d  by t h e  fo l low-  
i n g  r e s u l t .  
Lemma. L e t  y 1 / y 2  < 2. Then f o r  e a c h  E > 0 , t h e r e  
e x i s t s  a  6 ( E )  , X* ( E )  and b* ( E )  s u c h  t h a t  0 < x* ( E )  < 1/2,  
b * ( ~ )  > 0 ,  6 ( ~ ) $ - '  - 2y2 > 0 ,  $ > 0 ,  t r a c e  J ( E )  = 0 and 
t h e  e q u i l i b r i u m  e q u a t i o n s  f o r  x * ( E )  and b * ( ~ )  a r e  s a t i s -  
f i e d .  
I n  o t h e r  words ,  no m a t t e r  what " f a s t - s l o w "  t i m e - s c a l e  E i s  
employed, t h e r e  a lways  e x i s t s  a  v a l u e  o f  6 which w i l l  s e n d  t h e  
immune r e s p o n s e  b i f u r c a t i n g  i n t o  o s c i l l a t o r y  b e h a v i o r  from an 
e q u i l i b r i u m .  
The p r e c e d i n g  example shows ve ry  c l e a r l y  t h e  power o f  ten- 
t e r  mani fo ld  t h e o r y  t o  r educe  t h e  s t u d y  o f  b i f u r c a t i o n  phenomena 
from t h e  o r i g i n a l  3-dimensional  sys tem t o  t h e  a s s o c i a t e d  2- 
d imens iona l  c e n t e r  man i fo ld  sys tem ( # )  . 
6 .  OSCILLATIONS AND BIFURCATIONS I N  ECONOMICS, URBAN GROWTH 
AND ECOLOGY 
The C e n t e r  Manifo ld  Theorem makes it e v i d e n t  t h a t  any "bad" 
b e h a v i o r  o f  a  dynamical  p r o c e s s  w i l l  a r i s e  from t h e  s y s t e m ' s  
l o c a l  b e h a v i o r  on t h e  c e n t e r  man i fo ld .  Here ,  o f  c o u r s e ,  "bad" 
i s  i n t e r p r e t e d  i n  t h e  s e n s e  o f  u n s t a b l e  o s c i l l a t i o n s  and/or  b i -  
f u r c a t i o n s  emerging from s t a b l e  p r o c e s s e s  due t o  changes  i n  sys -  
t e m  p a r a m e t e r s  and /o r  o p e r a t i n g  envi ronment .  I n  t h i s  s e c t i o n  
w e  review t h e  appearance  o f  such b e h a v i o r  i n  some models i n  t h e  
economic, ene rgy  and e c o l o g i c a l  a r e a s .  Each o f  t h e s e  examples 
h a s  been chosen t o  i l l u m i n a t e  an i m p o r t a n t  a s p e c t  o f  t h e  use  o f  
t h e  m a t e r i a l  d i s c u s s e d  e a r l i e r  on o s c i l l a t i o n s ,  chaos  and b i f u r -  
c a t i o n  and,  t a k e n  t o g e t h e r ,  t h e s e  examples a c t  a s  a  s t r o n g  
t e s t a m e n t  t o  t h e  . employment of dynamical  s y s t e m s - t h e o r e t i c  
c o n c e p t s  i n  a p p l i e d  modeling a n a l y s e s .  
6 . 1  . Economic Chaos [ 5 1  
The n e o c l a s s i c a l  t h e o r y  o f  c a p i t a l  accumula t ion  p r o v i d e s  a n  
e x p l a n a t i o n  o f  i n v e s t n e n t  c y c l e s  t h a t  l i e s  e x c l u s i v e l y  i n  t h e  
i n t e r a c t i o n  o f  t h e  p r o p e n s i t y  t o  s a v e  and t h e  p r o d u c t i v i t y  o f  
c a p i t a l  when s u f f i c i e n t  n o n l i n e a r i t i e s  and a  p r o d u c t i o n  l a g  a r e  
p r e s e n t .  T h i s  t h e o r y  can  be  used t o  e s t a b l i s h  t h e  e x i s t e n c e  o f  
i r r e g u l a r  economic o s c i l l a t i o n s  which need n o t  converge  t o  a  
c y c l e  o f  any r e g u l a r  p e r i o d i c i t y .  Moreover, because  t h e y  a r e  
u n s t a b l e ,  e r r o r s  o f  pa ramete r  e s t i m a t i o n  o r  e r r o r s  i n  i n i t i a l  
c o n d i t i o n s ,  however minu te ,  w i l l  accumula te  r a p i d l y  i n t o  s u b s t a n -  
t i a l  f o r e c a s t i n g  e r r o r s .  Such i r r e g u l a r  f l u c t u a t i o n s  can  emerge 
a f t e r  a  p e r i o d  o f  a p p a r e n t l y  b a l a n c e d  growth s o  t h a t  t h e  " f u t u r e "  
b e h a v i o r  o f  a  model s o l u t i o n  c a n n o t  be  a n t i c i p a t e d  from i t s  
" p a s t  . I' 
While it c e r t a i n l y  c a n n o t  be  proved t h a t  r e a l  economies a r e  
c h a o t i c  i n  t h e  above s e n s e ,  t h e  example below shows t h a t  i r r e g u -  
l a r  f l u c t u a t i o n s  o f  a  h i g h l y  u n s t a b l e  n a t u r e  c o n s t i t u t e  one 
c h a r a c t e r i s t i c  mode o f  b e h a v i o r  i n  dynamic economic models and 
t h a t  t h e y  may emerge i n  s t a n d a r d  economic t h e o r i e s .  
I t  i s  a l s o  o f  i n t e r e s t  t o  n o t e  h e r e  t h a t  t h e  p a s t  b e h a v i o r  
o f  a  n o n l i n e a r  sys tem may be a  poor  g u i d e  f o r  i n f e r r i n g  even 
qualitative l e t  a l o n e  quantitative p a t t e r n s  o f  change i n  t h e  
f u t u r e  s i n c e  t h e  t y p e  o f  model d i s c u s s e d  h e r e  may e v o l v e  th rough  
a p p a r e n t l y  d i f f e r e n t  regimes  even though no structural change 
h a s  o c c u r r e d .  
~ s s ~ m i n g  homogeneity o f  t h e  p r o d u c t i o n  f u n c t i o n  and an  ex- 
p o n e n t i a l l y  growing p o p u l a t i o n ,  t h e  d i f f e r e n c e  e q u a t i o n  d e s c r i b -  
i n g  c a p i t a l  accumula t ion  i s  
where 
k = c a p i t a l - l a b o r  r a t i o ,  
h = p o p u l a t i o n  growth r a t e  
s ( = )  = t h e  p e r  c a p i t a  s a v i n g s  r e l a t i o n .  
W e  c o n s i d e r  c o n d i t i o n s  on s ( - )  i n  which growth o c c u r s  b u t  i n  
which t h e  s t e a d y - s t a t e  i s u n s t a b l e  and t h e  o s c i l l a t i o n s  which 
emerge f a i l  t o  converge  t o  a  c y c l e  o f  any o r d e r  even though 
c y c l e s  o f  e v e r y  o r d e r  e x i s t .  
The occu r r ence  of a  s u f f i c i e n t  r e d u c t i o n  i n  c a p i t a l  t o  
cause  u n s t a b l e  o s c i l l a t i o n s  can a r i s e  from two d i s t i n c t  f o r c e s  
o r  t h e i r  combination.  L e t  f ( k )  be t h e  p roduc t ion  f u n c t i o n  and 
l e t  h  ( k )  be t h e  consumption wea l th  f u n c t i o n .  P e r  c a p i t a  con- 
sumption depends upon wea l th ,  i n t e r e s t  r a t e  and income, b u t  w e  
use  t h e  p roduc t ion  f u n c t i o n  t o  e l i m i n a t e  income and e q u a t e  mar- 
g i n a l  p r o d u c t i v i t y  of c a p i t a l  f l ( k )  w i th  i n t e r e s t  t o  a r r i v e  a t  
h ( k )  . Since ,  by d e f i n i t i o n ,  w e  have s ( k )  = f  ( k )  - h ( k )  , t h e  
c a p i t a l  accumulat ion dynamics a r e  
I n  o r d e r  t o  demons t ra te  t h e  occurrence/non-occurrence of 
inves tment  c y c l e s  o r  chaos ,  l e t  us  f i r s t  c o n s i d e r  t h e  s t a n d a r d  
n e o c l a s s i c a l  c a s e  i n  which t h e  s t e a d y - s t a t e  i s  g l o b a l l y  s t a b l e  
and o s c i l l a t i o n s  cannot  a r i s e .  Here w e  t a k e  t h e  p roduc t ion  
f u n c t i o n  t o  be 
B f  ( k )  = Bk , B I B  p o s i t i v e  c o n s t a n t s .  
The consumption wea l th  f u n c t i o n  i s  
where a  i s  t h e  marg ina l  p r o p e n s i t y  t o  save .  Thus, 
For 6 > 0 inves tment  c y c l e s  cannot  occur  and i n s t e a d  growth con- 
ve rges  t o  a  s t e a d y - s t a t e  w i th  an e q u i l i b r i u m  c a p i t a l  l a b o r  
r a t i o  [aB/ ( I  + A ) ]  I /  (1-B) 
To i l l u s t r a t e  t h e  appearance  of o s c i l l a t i o n s  and chaos ,  
suppose t h a t w e i n t r o d u c e  a  p r o d u c t i v i t y  i n h i b i t i n g  e f f e c t  i n t o  
t h e  model. Thus, w e  m u l t i p l y  t h e  p roduc t i on  f u n c t i o n  by t h e  
i n h i b i t i n g  f a c t o r  ( m  - k ) '  and o b t a i n  t h e  p roduc t ion  f u n c t i o n  
f  ( k )  = ~ k '  ( m  - I y > o  . 
A s  k  + m ,  t h e  i n h i b i t i n g  f a c t o r  becomes impor t an t  and o u t p u t  
r a p i d l y  f a l l s .  Th i s  f a c t o r  r e p r e s e n t s ,  f o r  i n s t a n c e ,  t h e  harm- 
f u l  e f f e c t ,  f o r  whatever  r e a son ,  of  e x c e s s i v e  c o n c e n t r a t i o n s  of 
c a p i t a l  on o u t p u t  p e r  worker.  Keeping t h e  c o n s t a n t  s a v i n g s  f a c -  
t o r  a ,  w e  o b t a i n  
where A = a B /  (1  + A ) .  
For s m a l l  v a l u e s  of  A and f o r  s u f f i c i e n t l y  s m a l l  k growth 
o f  
w i l l  be monoton ica l ly  i n c r e a s i n g  converging t o  a  s t a b l e  s t e ady -  
s t a t e .  A s  A i s  i n c r e a s e d ,  a  b i f u r c a t i o n  p o i n t  i s  reached  a f t e r  
which f u r t h e r  i n c r e a s e s  i n  A r e s u l t  i n  bounded o s c i l l a t o r y  be- 
h a v io r  a s  long  a s  
Now choose A s o  t h a t  w e  have e q u a l i t y  on t h e  r igh t -hand  i n e q u a l -  
i ty  above and l e t  A" b e t h e v a l u e  of A which y i e l d s  e q u a l i t y ,  i . e . ,  
Now i r r e g u l a r  i nves tmen t  and growth c y c l e s  occu r  and c h a o t i c  
b e h a v io r  en sues .  A c t u a l l y ,  it can be  shown t h a t  t h e r e  e x i s t s  
an A '  - < A" such t h a t  f o r  a l l  A '  < A < A" chaos  occu r s .  But ,  
- - 
s i n c e  A = oB/  ( 1  + A ) ,  f o r  f i x e d  a and ' A ,  t h e r e  e x i s t s  an i n -  
t e r v a l  [ B ' ,  B"] such t h a t  f o r  a l l  p r o d u c t i v i t y  m u l t i p l i e r s  
( 1  + A )  A '  / a  < B < ( 1  + A )  A" / a  w e  have c h a o t i c  t r a j e c t o r i e s .  
- - 
S i m i l a r  r e s u l t s  have been o b t a i n e d  i n  t h e  c a s e  of a  v a r i a b l e  
s a v i n g s  r a t i o  [ 5 ]  . 
The d e p r e s s i n g  a s p e c t  of t h e  above r e s u l t s  i s  t h a t  t h e y  
p rov ide  a  b a s i s  f o r  s k e p t i c i s m  of any modeling e f f o r t  which re- 
l i es  upon paramete r  i d e n t i f i c a t i o n s  u n l e s s  it can be demons t ra ted  
i n  a d v a n c e  t h a t  t h e  pa ramete r s  do n o t  l i e  i n  t h e  c h a o t i c  regime.  
I f  t h e  pa ramete r s  a r e  i n  t h e  c h a o t i c  r e g i o n ,  t hen  t h e r e i s l i t t l e  
hope t h a t  o b s e r v a t i o n s  on t h e  p a s t  behav ior  of t h e  sys tem w i l l  
provide a basis-for identifying their values and such a model 
will certainly be a poor tool to use for discerning the system's 
future performance. Unfortunately, the results obtained here 
are symptomatic of a much broader class of models and there is 
evidence to indicate that chaotically unstable trajectories of 
this type are more likely to occur with weaker nonlinearities 
in higher dimensional models [ 1 7 ] .  The implications for determin- 
istic description of complex phenomena are obvious. 
6.2. Oscillation of Urban Populations 
Much of classical and even "new" urban economics emphasizes 
long-run, static equilibrium models as paradigms for the descrip- 
tion of changes in urban population sizes. In a recent work [6], 
issue was taken with this view and a comprehensive study was done 
of the population changes in the 90 largest metropolitan areas in 
the USA overtheperiod 1940-1977. The dynamic patterns showed 
that 64 areas exhibited oscillatory behavior of some sort, while 
only 3 areas showed a steady-state type of behavior. The remain- 
ing 23 areas displayed behavior which were of a "perturbed" 
nature, indicating either a discontinuous shift of population 
levels or a transition from one mode of oscillatory behavior to 
another. Thus, the overwhelming empirical evidence supported the 
contention that urban population dynamics also fluctuate in a 
cyclical manner, as one might have expected from our earlier 
cO- ensi it^ Lemma. 
In order to mathematically account for the population cycles, 
a generalized Lotka-Volterra model was proposed in [6] consisting 
of the dynamics 
where x = city population and y = per capita income of the city's 
inhabitants. The positive parameters a l l  a 2, a 2 1 1 all I a1 2 rep- 
resent factors influencing growth rates of population and income. 
Of special note is the parameter all which is an indicator of the 
presence of urban "friction" limiting the city's exponential 
growth t e n d e n c i e s .  Presumably, t h i s  r e f l e c t s  crowding e f f e c t s ,  
i . e . ,  t h e  densi ty-dependent  n a t u r e  of urban growth. 
When a  c i t y  changes from a  form i n  which urban f r i c t i o n  op- 
e r a t e s  i n t o  one where it does n o t ,  and where w e  can c h a r a c t e r i z e  
such t r a n s i t i o n s  a s  a  consequence of  smooth changes i n  some 
paramete r ,  then  i t  i s  c e r t a i n l y  r ea sonab l e  t o  suppose t h a t  c i t i e s  
could  undergo a  Hopf-type b i f u r c a t i o n .  I n  t h e  above s e t t i n g ,  
r e g u l a r l y  o s c i l l a t i n g  behav ior  should  occu r  on ly  when a l l  = 0 ,  
i . e . ,  t h e  f r i c t i o n l e s s  c i t y  must be  ve ry  r a r e l y  observed.  Fur- 
thermore ,  t h e  t r a n s i t i o n  from a  mode of  o r b i t a l  o s c i l l a t i o n s  t o  
a  convergent  mode i s  a l s o  r a r e ,  a s  it would r e q u i r e  a  c i t y  po i sed  
r i g h t  a t  t h e  b r i n k  of  a  c r i t i c a l  v a l u e  of a  key paramete r  under- 
qoing an a p p r o p r i a t e  change o f  c i rcumstances .  
For  a l l  meaningful  v a l u e s  of  t h e  paramete rs  r e p r e s e n t i n g  
f r i c t i o n ,  l i m i t  c y c l e  behav ior  c a n n o t  occur  i n  t h e  above model. 
What t h e  model does p r e d i c t  i s  a  s t a b l e  focus  behav io r ,  i . e . ,  a  
s p i r a l i n g  down of p o p u l a t i o n  t o  a  s t a b l e  e q u i l i b r i u m  l e v e l ,  w i t h  
movements o f  h igh  ampl i tude  fo l lowed by ones of low ampl i tude .  
I n  o r d e r  t o  c h a r a c t e r i z e  urban dynamics i n  a  more c o n c r e t e  
manner, t h e  paramete rs  of  t h e  above model were c a l i b r a t e d  f o r  
t h e  c i t y  o f  Tacoma, Washington. By e x p r e s s i n g  median fami ly  i n -  
come a s  a  pe r cen t age  o f  n a t i o n a l  fami ly  income, t h e  e a r l i e r  model 
can be r e w r i t t e n  a s  
where x i s  t h e  c a r r y i n g  c a p a c i t y  of t h e  r e g i o n ,  a and y a r e  
paramete rs  r e f l e c t i n g  t h e  speed of ad jus tment  of  t h e  two v a r i a b l e s ,  
and 6 r e p r e s e n t s  urban f r i c t i o n .  
Using some s t a n d a r d  parameter  i d e n t i f i c a t i o n  p rocedures ,  i n  [ 6 ]  
it was found t h a t  w i th  t h e  v a l u e s  a =  1 . 1 2 ,  8 = 0.033, y = 0.003, 
- 
x  = 1.96,  t h e  dynamical  behav io r  of t h e  model e x h i b i t e d  t h e  s i nk -  
s p i r a l  p a t t e r n  w i th  p o p u l a t i o n  and income l e v e l s  a s  d e p i c t e d  i n  
Table  1 .  E x t r a p o l a t i o n  of  t h i s  model s u g g e s t s  a  s t e a d y - s t a t e  
l e v e l  f o r  Tacoma of  x* = 1 . 9 6 ,  y* = 1.0578, a  median income some- 
what above t h e  n a t i o n a l  l e v e l .  
Table 1. Comparison of data vs. simulation for Tacoma, 
Washington. 
Actual Simulated 
Year Pop. Income POP Income 
Other results involving oscillatory behavior of economic and 
urban systems are presented in 7-9 . 
6 . 3 .  Population Models with Time-Lags 
It is commonly held in circles dealing with human affairs 
that oscillatory behavior is due to the inevitable presence of 
significant time-delays between the taking of a decision and its 
actual implementation in the system. While this bit of modeling 
"folklore" is certainly far from being either a necessary or 
sufficient condition for oscillatory behavior to emerge, as the 
preceding examples amply illustrate, it does contain enough of 
a germ of truth to warrant serious consideration as a possible 
oscillation-producing mechanism. Time-lags can generate oscil- 
lations, but they can also prevent them, or they can have no 
qualitative effect at all! The question in any specific case 
is "which is which?" As a particular illustrationof how time- 
delays may result in a limit cycle emerging from a stable equi- 
librium, we consider the following generalized Volterra system 
studied in [ I 0 1  . 
The predator-prey dynamics are given by the integro- 
differential system 
Here N1 and N 2  r e p r e s e n t  t h e  l e v e l s  of p r e y  and p r e d a t o r ,  r e s -  
p e c t i v e l y ,  w h i l e  t h e  i n t e g r a l s  r e p r e s e n t  i n t e r a c t i o n  t e r m s  and 
accoun t  f o r  d e l a y  e f f e c t s .  The c o e f f i c i e n t  c l l  measures  dens-  
i t y  e f f e c t s  w i t h i n  t h e  p r e y  p o p u l a t i o n ,  w i t h  l / c l l  b e i n g  t h e  
" c a r r y i n g  c a p a c i t y "  o f t h e p r e y .  The c o e f f i c i e n t s  b l  and b2  a r e  
n a t u r a l  b i r t h  and d e a t h  r a t e s  of  p r e y  and p r e d a t o r ,  i n  t h e  
absence  of  a l l  c o n s t r a i n t s .  
The o n l y  n o n t r i v i a l  e q u i l i b r i u m  f o r  t h e  above sys tem i s  
a t  E = ( N T ,  N $ )  where 
The a s y m p t o t i c  b e h a v i o r  of t h e  p r e d a t o r  and p r e y  depends upon 
t h e  r e l a t i v e  v a l u e s  of t h e  bi 
and 
. There  a r e  two c a s e s  t o  
c o n s i d e r :  
(i) i f  c l l  - c < 0 , ' b u t  c l ,  - c211 < E f o r  E s u f -  2  1  
f i c i e n t l y  s m a l l ,  t h e n  it can be  shown t h a t  E i s  
gZobaZZy a s y m p t o t i c a l l y  s t a b l e ,  i . e . ,  a l l  i n i t i a l  
p o p u l a t i o n  l e v e l s  e v e n t u a l l y  l e a d  t o  E .  Thus,  t h e  
t ime- lags  do n o t  g e n e r a t e  o s c i l l a t o r y  b e h a v i o r .  
(ii) With c 2 ,  f i x e d ,  i f  c l l  becomes s u f f i c i e n t l y  s m a l l  
t h e n  E becomes u n s t a b l e .  The l o s s  of s t a b i l i t y  of 
E a s  c l ,  d e c r e a s e s  s u g g e s t s  t h e  e x i s t e n c e  of a  
b i f u r c a t i o n  t o  a  l i m i t  c y c l e .  T h i s  c o n j e c t u r e  h a s  
been i n v e s t i g a t e d  i n  [ l o ]  w i t h  t h e  f o l l o w i n g  con- 
c l u s i o n .  D e f i n e  
S i j ( n )  = c i j j k i ( u )  s i n  (2nr  / p )  du , 
0  
C i j  ( n )  = c i j j ki ( u )  c o s  (2nn / p )  du , 
Cons ide r  t h e  hypo theses  
( H I  l1 ("1 > 0 I 2 ( n )  < 0 f o r  some i n t e g e r  n  > 1 - 
and p e r i o d  p  > 0 ;  
( H 2 )  C 2 1  ( n )  # 0 f o r  n  i n  ( H I ) ;  
( H 3  E i t h e r  n  l l  ( m )  # m E l  ( n )  o r  
( n  a s  i n  H ) , m an i n t e g e r  > 1 .  1 - 
Then t h e  c o n d i t i o n  ( H I )  f o r  some n  and p i s  n e c e s s a r y  and t h e  
c o n d i t i o n s  ( H I )  - ( H 3 )  are  s u f f i c i e n t  f o r  a  p e r i o d i c  s o l u t i o n  
o f  p e r i o d  p  t o  b i f u r c a t e  from t h e  e q u i l i b r i u m  E as t h e  b i r t h  
and d e a t h  r a t e s  b l  and b2  p a s s  th rouqh  t h e  c r i t i c a l  v a l u e s  
w i t h  O < c l l  < c  21 ' 
Thus, t h e  c o n c l u s i o n  i s  t h a t p e r i o d i c  s o l u t i o n s  of  any 
p e r i o d  p  may emerge from t h e  s t a b l e  e q u i l i b r i u m  E as t h e  b i r t h  
and d e a t h  ra tes  go t h r o u g h  b i f u r c a t i o n  p o i n t s .  Fur the rmore ,  
o s c i l l a t i o n s  need n o t  o c c u r ,  even i n  a  sys tem w i t h  a n  u n c o u n t -  
a b l e  number of  t ime-de lays .  W e  can  conc lude  t h a t  t h e  appearance  
o r  non-appearance of  o s c i l l a t o r y  b e h a v i o r  depends upon much more 
t h a n  t h e  mere p r e s e n c e  of t i m e - l a g s .  While such  simple-minded.  
-31- 
arguments a s  " t i m e - l a g s -  imply o s c i l l a t i o n s "  may appear  p l aus -  
i b l e  i n  some s e t t i n g s ,  t h e  i s s u e  i s  u s u a l l y  f a r  more compl ica ted  
and l i e s  a t  a  much deepe r  l e v e l  t h a n  j u s t  f i n i t e  speeds  of  i n -  
f o r ma t ion  t r a n s f e r :  t h e r e  i s  no g e n e r a l  c a u s a l  r e l a t i o n s h i p  
between l a g s  and o s c i l l a t i o n s !  
7 .  CUSPOIDS AND LOGISTICS 
C a t a s t r o p h e s ,  e l ementa ry  and o t h e r w i s e ,  have a l r e a d y  been 
s een  t o  be  i n t i m a t e l y  r e l a t e d  t o  o s c i l l a t i o n s  of  d i v e r s e  s o r t s .  
I n  t h i s  s e c t i o n  connec t i ons  between t h e  b i f u r c a t i o n  geometry of 
t h e  e lementa ry  cusp  c a t a s t r o p h e  and t h e  u b i q u i t o u s  l o g i s t i c  
cu r ve  a r e  exp lo r ed  w i t h  t h e  perhaps  s u r p r i s i n g  conc lu s ion  t h a t  
eve r y  l o g i s t i c - t y p e  f u n c t i o n  ha s  " cusp - l i ke "  behav io r  a s  a  nec- 
essary p a r t  of i t s  dynamical  motion. A s  a consequence of t h i s  
f a c t ,  one may conclude t h a t  i n  every s i t u a t i o n  i n  which a  l o g i s -  
t i c  curve  i s  used t o  r e p r e s e n t  t h e  development of  some problem 
v a r i a b l e ,  t h e  cusp  geometry must be p r e s e n t ,  i . e . ,  t h e  t y p e  of 
behav io r  which can  be  e x h i b i t e d  i s  e x a c t l y  a s  compl ica ted  a s  
t h a t  a l lowed by t h e  cusp  and no more s o .  The s imp le  mathematics  
g i v e n  below i m p l i e s  t h a t  l o g i s t i c  cu rve s  and cusp  geometry a r e  
i n e x t r i c a b l y  i n t e r t w i n e d :  t h e y  a r e  two s i d e s  of t h e  same c o i n  
and,  a s  a  r e s u l t ,  t h e r e  i s  no mystery o r  s u r p r i s e  i n  d i s c o v e r -  
i n g  a  cu sp  i n  any model based upon l o g i s t i c - l i k e  assumpt ions .  
The cusp  must occu r .  What is s u r p r i s i n g  i s  t h a t  t h e  cusp  i s  
t h e  most compl ica ted  behav io r  t h a t  can f o l l o w  from t h e  l o g i s t i c .  
The mathematics  unde r ly ing  t h i s  r e s u l t  i n v o l v e s  deep r e s u l t s  
from singularityandtransversality t h e o r y  and can be s e e n ,  f o r  
i n s t a n c e ,  i n  [ I l l .  Here w e  s h a l l  be  c o n t e n t  t o  on ly  i n d i c a t e  
t h e  b a s i c  r e s u l t s  and why t h e y  a r e  p l a u s i b l y  t r u e .  
To f i x  i d e a s ,  c o n s i d e r  t h e  l o g i s t i c  curve  
and i t s  i n t e r s e c t i o n  w i t h  t h e  s t r a i g h t  l i n e  
The c o r r e s p o n d i n g  2-parameter  e q u a t i o n  of  s t a t e  
has  e i t h e r  3 s o l u t i o n s  o r  3 ,  u n l e s s  a x  + b  i s  t a n g e n t  t o  t h e  
g raph  of L, i n  which c a s e  t h e r e  a r e  3 s o l u t i o n s  c o u n t i n g  m u l t i -  
p l i c i t i e s ,  W e  s t u d y  t h e  v a r i a t i o n s  of t h e  s o l u t i o n  of  
F ( x , a , b )  = 0 w i t h  v a r i a t i o n s  i n  a  and b .  (Remark: t h i s  may be  
r e g a r d e d  a s  t h e  s t u d y  o f  how t h e  e q u i l i b r i a  of A = a x  + b  - L ( x )  
v a r y  w i t h  t h e  p a r a m e t e r s  a  and b , )  
The b i f u r c a t i o n  se t  B c o n s i s t s  of  p o i n t s  ( a , b )  f o r  which 
A s m a l l  amount o f  a l g e b r a  shows t h a t  t h i s  set  c o n s i s t s  of  t h o s e  
p o i n t s  
H e r e  x  i s  r e g a r d e d  a s  a  pa ramete r  (which g i v e s  t h e  c o o r d i n a t e  
of  t h e  p o i n t  o f  tangency of  y  = a x  + b  w i t h  t h e  g raph  o f  L ) .  
I f  w e  p l o t  ( a , b )  a s  x  r u n s  t h r o u g h  t h e  r e a l  numbers, w e  o b t a i n  
F i g u r e  4 .  To j u s t i f y  use  of t h e  terms " f o l d "  and "cusp"  i n  
F i g u r e  4 and t o  conc lude  t h a t  t h e  z e r o s  of  F  a r e  governed by 
t h e  cusp  geometry,  some s i m p l e  Tay lo r  series arguments  coup led  
w i t h  check ing  t r a n s v e r s a l i t y  c o n d i t i o n s  i s  r e q u i r e d  [ I ? ] .  The 
c o n c l u s i o n  i s  t h a t  f o r  e a c h  p o i n t  o f  t h e  se t  
t h e  l o c a l  geometry i s  of  c a n o n i c a l  f o l d  o r  c u s p  t y p e ,  up t o  a  
smooth change of  c o o r d i n a t e s  [ i n  ( x ,  a  , b )  -space1 . 
F i g u r e  4 .  B i f u r c a t i o n s  s e t  f o r  F.  
The above l o c a l  r e s u l t  c a n  be  ex tended  t o  a  g l o b a l  r e s u l t  
f o l l o w i n g  t h e  arguments  i n  [ I l l .  T h i s  i m p l i e s  t h a t  we have 
g l o b a l  c u s p  geometry f o r  M ,  i . e . ,  t h e  p i c t u r e  s e e n  i n  F i g u r e  5 
h o l d s  g l o b a l l y .  Thus, d e s p i t e  t h e  supposed ly  u l o c a l "  n a t u r e  of 
c a t a s t r o p h e  t h e o r y ,  i n  t h i s  c a s e  i t  i s  p o s s i b l e  t o  deduce g l o b a l  
b i f u r c a t i o n  geometry.  
Figure  5 .  The g l o b a l  geometry of M .  
To show t h a t  t h e  r e s u l t  i s  n o t  a consequence of t h e  s p e c i a l  
form chosen f o r  t h e  l o g i s t i c  curve L(x), we quote  the fol lowing 
theorem from [ 3 3 I . 
L o g i s t i c  B i f u r c a t i o n  T h e o r e m .  L e t  U ,  V ,  W b e  o p e n  
i n t e r v a l s  i n  R w i t h  U - C {x : x > 0 1  . T h e n  a n  e q u a -  
t i o n  o f  s t a t e  
w h e r e  @ = W + R i s  s m o o t h ,  h a s  g l o b a l  b i f u r c a t i o n  
g e o m e t r y  d i f f e o m o r p h i c  t o  t h e  c a n o n i c a l  c u s p  c a t a s -  
t r o p h e  i f  
( i )  @ h a s  a  u n i q u e  i n f l e c t i o n  p o i n t  a t  6 ,  i .  e . ,  
( i i i )  S o l u t i o n s  t o  F (x,a,b) = 0 d o  n o t  t e n d  t o  
i n f i n i t y  a s  (a,b) t e n d s  t o  any p o i n t  i n s i d e  U x V ,  
Thus, we conclude that global cusp geometry is to be expected 
for any process in which a "sigmoidal" function @ is used to 
describe logistic growth. Referring now to our earlier treat- 
ment linking the cusp catastrophe and relaxation oscillations, 
it is natural to conclude that processes exhibiting logistic 
growth can, and often will, display the same type of cyclical 
behavior as, for example, that displayed in the lake eutrophica- 
tion process described in the last section. In fact the results 
of [Ill show that when steady-states are described by a cusp, 
the dynamic behavior usually involves Hopf bifurcation to a 
limit cycle. 
The characteristic "S-shape" of the logistic function is 
shared by a large number of others often seen in the literature. 
When two processes each involving such a function are interacting, 
the description often involves a weighted sum of sigmoid func- 
tions @(x) + c $(x - d), giving an overall response which in- 
creases in two observable "steps". It is tempting to conclude 
that in this case the relevant bifurcation geometry is the 
"butterfly" catastrophe and, indeed, ZocalZy  this result is 
also established in [ I l l .  A global result similar to the case 
of a single sigmoidal function appears likely, at least in 
. . large regions of parameter space. 
For multiple interactions of other kinds, we would expect 
to find other higher cuspoid catastrophes of type A2k+I ( in 
Arnold's notation) for k coupled sigmoidal processes. 
( T e c h n i c a Z  Remark: the foregoing results, when inter- 
preted in dynamical terms as statements about khe be- 
havior of equilibria of ascalar dynamical process 
dx/dt = F (x,a, b, . . . ) , are valid only for the equilibria 
shifts in c o n t i n u o u s - t i m e  processes. As seen from the 
chaotic economics example, d i s c r e t e - t i m e  dynamics may 
have much more complicated equilibria behavior, even 
for scalar processes. Such behavior is ruled-out for 
continuous time systems of order - < 2 by the Poincarel- 
Bendixson theory) . 
8. BIFURCATIONS, OSCILLATIONS AND FEEDBACK CONTROL 
Oscillations and bifurcations are the expected behavior 
of most dynamical processes, as the foregoing discussion amply 
illustrates. But what if we do not want the particular types 
of cycles and discontinuities implied by a given dynamic? Is 
there any means of interfering with the process in order to 
change the oscillation and/or bifurcation into less costly or 
more advantageous behavior? At this point we enter the realm 
of control theory and the consideration of how external inputs 
may affect the dynamical behavior of a system. 
In general terms, we are concerned with the control system 
where u is a control function and A is a set of parameters. 
When no control is exerted (u z O), the free dynamics of the 
system exhibits a bifurcation,at some point A = A*. The ques- 
tion is whether or not it is possible to "neutralize" the bifur- 
cation to/from oscillatory motion at A *  by application of a 
suitable feedback control law u = u(x), IE other words, the 
controlled system 
should not exhibit undesirable behavior as A passes through the 
point A*. 
I n  g e n e r a l ,  t h i s  i s ,  of course ,  an extremely d i f f i c u l t  
ques t ion  t o  answer a s  it  depends upon t h e  s t r u c t u r e  of f ,  t h e  
way t h e  c o n t r o l  i n f l u e n c e s  t h e  s t a t e ,  c o n s t r a i n t s  on t h e  con- 
t r o l  and many o t h e r  f a c t o r s .  But, t o  g i v e  an i n d i c a t i o n  of t h e  
type of r e s u l t  o b t a i n a b l e  i n  a  s p e c i f i c  c a s e ,  cons ider  t h e  3- 
dimensional  system [ 121  
2 
= Axl + wcx + wsx - x I  [x2 + (cx2 + sx3)  I 1 2 3 1 
2 4 = - osx + ( A  + 1 ) c s x 2  + (Xs2 - c  ) x 3  3  1 
where G = [ g i j ( . x ) l  i s  assumed t o  be of f u l l  rank i n  a  neighbor- 
hood of t h e  o r i g i n ,  w i s  a  f i x e d ,  r e a l  parameter ,  c  : cos a ,  
s A s i n  ci with a  and X being parameters .  I f  t h e  c o n t r o l s  
u1 = u 2  = 0 ,  then  s t anda rd  r e s u l t s  show t h a t  a s  X pa s ses  from 
nega t ive  t o  p o s i t i v e  v a l u e s ,  a  l i m i t  c y c l e  emerges a t  X = 0 .  
I n  f a c t ,  i f  a  i s  f i x e d ,  t h i s  sytem r e p r e s e n t s  a  normal form f o r  
t h i r d - o r d e r  f a m i l i e s  of systems admi t t ing  a  Hopf b i f u r c a t i o n ,  
i . e . ,  t h i s  i s  t h e  canonica l  model f o r  a l l  t h i r d - o r d e r  systems 
d i s p l a y i n g  a  Hopf b i f u r c a t i o n .  The l i m i t  cyc le  i s  confined 
a  2-dimensional manifold W" which, f o r  X = 0 ,  i s  t h e  c e n t e r  
manifold.  The o t h e r  i n v a r i a n t  manifold wS i s  s t a b l e  f o r  a l l  A ,  
and i t s  i n t e r s e c t i o n  wi th  wC i s  t r a n s v e r s e .  The b a s i c  p i c t u r e  
i s  a s  shown i n  F igure  6 .  
Figure 6. The center manifold wC and its intersection with 
the stable manifold Ws. 
L e t  u s  d e f i n e  t h e  m a t r i x  
and l e t  F ( x l A l a )  b e  t h e  v e c t o r  d e n o t i n g  t h e  r i g h t  s i d e  of  t h e  
u n c o n t r o l l e d  sys tem.  Then i t  c a n  b e  shown t h a t  t h e  f eedback  
law 
d e c o u p l e s  t h e  o r i g i n a l  sys tem i n t o  t h e  new dynamics 
* 
x3 = AX, + Bx2 + Cx3 + N(xl  1x2 tx3)  + B 1 ~ l ~ l  + B 2 u 2 V 2  
where U = d i a g  ( p T c p 2 )  is a r b i t r a r y ,  
v  and v 2  a r e  a r b i t r a r y  p a r a m e t e r s  and 1 
w i t h  N ( : )  i n v o l v i n g  c u b i c  t e r m s .  
To s t u d y  t h e  s t a b i l i t y  and b i f u r c a t i o n  p r o p e r t i e s  of  t h i s  
decoup led  sys tem,  w e  keep x l  = x 2  = 0 by s e t t i n g  v l  = v  = 0 2 
and making t h e  i n i t i a l  v a l u e s  of  x  and x 2  v a n i s h .  The r e s u l t -  1 
i n g  sys tem f o r  x  i s  3  
which is stable if and only if C(X,a). < 0 .  Since we are inter-. 
ested in stabilizing the Hop£ bifurcation at X = 0, we obtain 
the following result: t h e  Hopf b i f u r c a t i o n  a t  A = 0 i s  s t a b i l -  
i z e d  b y  t h e  a b o v e  f e e d b a c k  Zaw u(x) i f  and o n l y  i f  C(0,a) < 0 ,  
i.e., if x, and x2 remain small, so does x3. 
Explicitly, the criterion on C is 
Thus, we see that either case can occur: the feedback may 
either be stabilizing or not, depending upon the parameters B1, 
B2, w and a. For instance, if B = B2 = 1 = w, the criterion 1 
becomes 
cos2 a + sin a + cos a sin a > 0 . 
For some angles a this inequality holds (e.g., a = 0), while for 
others it does not (a = - ~ / 4 ) .  In each case it would be nec- 
essary to calculate sgn C. 
The moral of this example is to show that it often is pos- 
sible to stabilize undesired oscillations by feedback control, 
but that choice of the right control law may involve some deli- 
cacy. 
The preceding example shows how feedback control can neu-. 
tralize an inherent bifurcation in the uncontrolled dynamics. 
But, the opposite can also happen, i.e., a well-behaved system 
can be sent into oscillatory, or even chaotic behavior by intro- 
duction of control laws of unsuitable structure. This possibil- 
ity is particularly insidious in situations where the control 
law is selected to optimize some performance criterion without 
proper attention being paid to its possibly bifurcation- 
generating side effects. The possibility of chaos rather than 
order emerging from control actions is illustrated by the fol- 
lowing result. 
Consider  t h e  d i s c r e t e - t i m e  linear sys tem 
X t + l  = t + u  t ' a r e a l  
Then it i s  easy  t o  s e e  t h a t  i f  ut E 0 (no c o n t r o l )  t h e  s o l u t i o n s  
do no t  o s c i l l a t e ,  Now i n t r o d u c e  t h e  s imple  feedback c o n t r o l  
B r e a l  , 
I t  i s  e s t a b l i s h e d  i n  L331 t h a t  i f  t h e  pa ramete r s  a and B s a t i s f y  
t h e  c o n d i t i o n s  
t h e  c o n t r o l l e d  sys tem has  a t  l e a s t  N d i s t i n c t  p e r i o d i c  t r a -  
n- 2  
j e c t o r i e s  of  p e r i o d  n ,  where Nk = k t h  F ibonacc i  number. F u r t h e r -  
more, i f  s t r i c t  i n e q u a l i t y  h o l d s  i n  t h e  second r e l a t i o n  above,  
t h e n  t h e r e  a r e  an uncountable  number of bounded a p e r i o d i c  t r a j e c -  
t o r i e s  w i t h  t h e  p r o p e r t y  t h a t  i f  x l  and x 2  a r e  d i s t i n c t  members 
of t h i s  f ami ly  t h e n  
f o r  a r b i t r a r i l y  l a r g e  t .  I n  o t h e r  words, t h e  c o n t r o l l e d  sys tem 
d i s p l a y s  c h a o s .  
Other  examples cou ld  be  g iven  t o  i l l u s t r a t e  how feedback 
c o n t r o l  can  move, o r  even e l i m i n a t e ,  u n d e s i r a b l e  b i f u r c a t i o n s  
i n  t h e  e q u i l i b r i u m  behav io r  o f  v a r i o u s  p r o c e s s e s  i n  eco logy  and 
economics, However, t h e  above i l l u s t r a t i o n s  a r e  s u f f i c i e n t  t o  
convey t h e  message t h a t  e x t e r n a l  c o n t r o l  can  h e l p  i n  s t a b i l i z i n g  
system behav io r ,  b u t  it can  a l s o  g e n e r a t e  u n s t a b l e  o s c i l l a t i o n s  
if n o t  a p p l i e d  w i t h  c a r e ,  
9 .  THE P E R IO D  OF A LIMIT CYCLE 
Once it has  been e s t a b l i s h e d  t h a t  a l i m i t  c y c l e  5 e x i s t s  
f o r  a  g iven  dynamical  p r o c e s s ,  i t s  shape can t hen  be determined 
by i n t e g r a t i o n  of t h e  system e q u a t i o n s  i n  forward t i m e  us ing  
a r b i t r a r y  i n i t i a l  c o n d i t i o n s ,  Once t h e  con tou r  of t h e  l i m i t  
c y c l e  h a s  been de te rmined ,  t h e  p e r i o d  of t h e  motion can be de- 
te rmined from t h e  con tou r  i n t e g r a l  
To be more s p e c i f i c ,  l e t  us  assume t h a t  w e  a r e  s t u d y i n g  
t h e  f o l l owing  s t r u c t u r a l l y  s t a b l e  p e r t u r b a t i o n  of t h e  c l a s s i c a l  
l i n e a r  o s c i l l a t o r  
The c o n s t a n t  y de t e rmines  t h e  s t r e n g t h  of t h e  damping t e r m .  The 
Van d e r  Po l  o s c i l l a t o r  occu r s  a s  t h e  s p e c i a l  c a s e  of  t h i s  equa- 
2 t i o n  when f ( x )  = 3x + a.  To e a s e  t h e  e x p o s i t i o n ,  w e  w r i t e  t h e  
dynamics a s  
* 
where d / d t  F ( x )  = f ( x ) x .  W e  wish t o  s t u d y  t h e  c a s e  of t h e  Van 
d e r  Po l  o s c i l l a t o r  when y  i s  v e r y  sma l l  and aga in  when y i s  v e r y  
l a r g e .  I n  p a r t i c u l a r ,  w e  s h a l l  examine how t h e  p e r i o d  T of t h e  
l i m i t  c y c l e  depends upon t h e  pa ramete r  a .  
F i r s t  c o n s i d e r  t h e  c a s e  ( y f ( O ; a ) (  < <  1 .  The focus  a t  t h e  
o r i g i n  i s  s t a b l e  i f  y f ( 0 , a )  > 0 ,  u n s t a b l e  i f  y f  ( 0 ; a )  < 0 .  Si nce  
t h e  f o c i  wind i n  o r  o u t  s lowly  when yf ( 0 ; a )  i s  s m a l l ,  t h e  
v a l u e s  x ( t ) ,  y ( t )  d u r i n g  t h e  cou r se  of one r e v o l u t i o n  a r e  g iv en  
by 
I n  o r d e r  t o  f i n d  t h e  r a d i u s  o f  t h e  a p p r o x i m a t e l y  c i r c u l a r  l i m i t  
c y c l e  (when it e x i s t s ) ,  w e  make u s e  of  t h e  f a c t  t h a t ,  s i n c e  
2 2  
xdx + ydy - yF ( x ) d y  = 0  and xdx + ydy = 3 / 2  d ( x  + y  ) , w e  have  
Thus,  when F (.x; a )  = x3 + a x ,  w e  have  
+ [ R ~  s i n 3  0 + a R s i n  e l  ( -  R  s i n  8 )  dB = 0  
F o r  a  # 0  t h e r e  i s  a n  i s o l a t e d  c r i t i c a l  p o i n t  a t  R = 0 ,  which 
i s  s t a b l e  i f  a > 0 ,  u n s t a b l e  i f  a < 0. If a > 0 ,  t h e r e  a r e  no 
o t h e r  n e a r b y  s o l u t i o n s ,  w h i l e  i f  a < 0  t h e r e  i s  a  s t a b l e  l i m i t  
c y c l e  o f  r a d i u s  
The p e r i o d  o f  t h i s  l i m i t  c y c l e  i s  
Now l e t  u s  examine t h e  s i t u a t i o n  when y i s  v e r y  l a r g e .  
S i n c e  y l a r g e  i m p l i e s  y  i s  l a r g e ,  w e  i n t r o d u c e  t h e n e w  v a r i a b l e  
The new s y s t e m  e q u a t i o n s  a r e  
For large y, either 
dz. - 
-
dx = 0 
In the x-z plane, when F (x) = x3 + ax and a < 0, the sys- 
tem motion is shown in Figure 7. Here we see the familar type 
of relaxation oscillation described in earlier sections. If 
the system starts off the surface z = F(x), as for instance at 
points A and A', the fast dynamic in the z-direction immediately 
pulls the system to the equilibrium manifold. Once the system 
reaches this curve, it cycles around the closed loop BCDEB in 
an alternating fast-slow-fast-slow periodic orbit. The time 
scales involved are of the order I / y  for the fast jumps and 
order y  for the slow sections. Thus, the period is given by 
Figure 7. Relaxation oscillation for y  large, 
2 
- xB) + 2a log - 
X B 
In the Van der Pol case, relaxation oscillations occur only when 
a < 0 .  In this event, 
T ;  lyaI(3 - 2 log 2) 
Remark:  In the above treatment, we have identified the 
Hopf bifurcation and the relaxation oscillations of the 
Van der Pol oscillator with the symmetry-restricted cusp 
catastrophe, i.e., we have restricted the general cusp 
$(x) = x3 + ax + b to the case b = 0 to obtain the sym- 
metry relation F(x) = - F (-x) . Functions F (x) associated 
with higher symmetry restricted catastrophes can be used 
to construct dynamical systems with even more interest- 
ing behavior. 
The major message of the example considered here is that 
complicated dynamical systems become tractable when they in- 
volve multiple distinct and widely separated time scales. 
10. SUMMARY AND DISCUSSION 
System model simplifications, bifurcations from one type 
of behavior and oscillatory/cyclic motion have been seen to be 
related according to the diagram in Figure 8. The diagram 
should be interpreted in the following sense: we begin with 
the system C parameterized by A. By means of the Center Mani- 
A 
fold Theorem C is reduced to C, a system of much smaller dimen- 
sion and whose behavior at least l o c a l l y  characterizes the 
Relaxation/ 1 \ Hopf 
o s c i l l a t i o n s  Chaos b i f u r c a t i o n  
L i m i t  c y c l e s / P e r i o d i c  motion/Chaos 
F i g u r e  8 .  Model r e d u c t i o n ,  b i f u r c a t i o n s  and c y c l i c  behav io r .  
e s s e n t i a l  n o n l i n e a r  a s p e c t s  of Z .  I t  i s  on ly  on t h e  c e n t e r  mani- 
f o l d  t h a t  l o c a l  b i f u r c a t i o n s  can occu r ;  away from t h e  c e n t e r  
mani fo ld  t h e  sys tem e q u a t i o n s  can be l i n e a r i z e d .  On t h e  c e n t e r  
mani fo ld  t h e  sys tem t r a j e c t o r y  w i l l  b i f u r c a t e  a t  c e r t a i n  v a l u e s  
of X i n t o  o s c i l l a t o r y  behav io r .  The t y p e  of behav io r  w i l l  de- 
pend upon whether  o r  n o t  t h e  i n t r i n s i c  damping i s  weak o r  s t r o n g ;  
i f  s t r o n g ,  t h e n  r e l a x a t i o n  o s c i l l a t i o n s  can be  expec t ed ,  i f  weak, 
t h e n  b i f u r c a t i o n  t o  a  l i m i t  c y c l e  i n  t h e  t r a d i t i o n a l  Hopf s e n s e  
i s  t h e  u s u a l  p a t t e r n ,  I n  e i t h e r  c a s e ,  t h e  e x p e c t e d  n o n l i n e a r  
a s p e c t s  of  t h e  sys tem d i s p l a y  themselves  th rough  t h e  l o s s  of 
s t a b i l i t y  of a  f i x e d  p o i n t  ( e q u i l i b r i u m )  a s  some p a r a m e t e r ( s )  
p a s s  th rough  c r i t i c a l  v a l u e s .  
When viewed w i t h i n  t h e  above framework, t h e  u b i q u i t o u s  na- 
t u r e  of o s c i l l a t o r y  behav io r  i n  n a t u r a l  sys tems seems mos t ly  t o  
be  due t o  t h e  s imple  f a c t  t h a t ,  a s  X v a r i e s ,  t h e  c h a r a c t e r i s t i c  
r o o t s  of t h e  l i n e a r i z e d  dynamics move a c r o s s  t h e  imaginary  a x i s ,  
I t  is  e x a c t l y  t h e  r o o t s  on t h e  imaginary  a x i s  which g i v e  r ise  
t o  t h e  c e n t e r  mani fo ld  and ,  s i n c e  t h e  g e n e r i c  c a s e  i s  f o r  a com- 
p l e x  c o n j u g a t e  p a i r  t o  c r o s s  t h e  imaginary a x i s  w i t h  non-zero 
speed ,  a lmos t  a l l  b i f u r c a t i o n s  a r e  of t h e  Hopf-type and,  f u r t h e r -  
more, t h e  c e n t e r  mani fo ld  i s  of dimension two, g e n e r i c a l l y .  
I t  has  a l s o  been seen  t h a t  b i f u r c a t i o n  may be of c h a o t i c ,  
r a t h e r  t h a n  c y c l i c  behavior .  S t r i c t l y  speak ing ,  t h i s  i s  a l s o  
a  k ind  of o s c i l l a t o r y  b u t  a p e r i o d i c  motion.  For cont inuous-  
t i m e  systems,  such behavior  cannot  occur  u n l e s s  t h e  system i s  
of o r d e r  t h r e e  o r  h i g h e r ;  i n  d i s c r e t e - t i m e  chaos can emerge 
even f o r  s c a l a r  p roces se s .  
The p o s s i b i l i t y  of changing t h e  sys t em ' s  behavior  through 
i n t r o d u c t i o n  of feedback c o n t r o l  has  a l s o  been examined. I n  
g e n e r a l ,  t h e  q u e s t i o n  of what can and cannot  be done about  a l -  
t e r i n g  t h e  system dynamics through feedback i s  a  d e l i c a t e  one 
and r e q u i r e s  t h e  f u l l  machinery of n o n l i n e a r  r e a c h a b i l i t y  
theory  [ I  41 f o r  i t s  r e s o l u t i o n .  However, by example, it has  
been seen  t h a t  feedback c o n t r o l  can  be  bo th  s t a b i l i z i n g  and de- 
s t a b i l i z i n g ,  depending upon how it i s  employed. Thus, feedback 
c o n t r o l  i s  one way o u t  of undes i r ab l e  o s c i l l a t i o n s - b u t  on ly  i f  
a d r o i t l y  a p p l i e d .  
Space c o n s i d e r a t i o n s  have r equ i r ed  t h a t  a  number of addi-  
t i o n a l  t o p i c s  i nvo lv ing  o s c i l l a t o r y  behavior  be  e l i m i n a t e d .  
F i r s t  on t h i s  l i s t  a r e  i s s u e s  surrounding s p a t i a l  e x t e n s i o n  and 
o s c i l l a t i o n s  n o t  j u s t  i n  t i m e ,  b u t  a l s o  i n  space.  Var ious  
i n f i n i t e - d i m e n s i o n a l  e x t e n s i o n s  of t h e  Cente r  Manifold Theorem 
e x i s t  t o  d e a l  w i th  such p roces se s ,  which a r e  governed by non- 
l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa t ions  of evo lu t ion - type .  I n  
ano the r  d i r e c t i o n ,  t h e  p resence  of t ime- lags  i n  a  p roces s  i s  
ano the r  well-known o s c i l l a t i o n - p r o d u c i n g  mechanism. W e  have 
touched b r i e f l y  upon t h i s  m a t t e r  h e r e ,  b u t  much more remains 
t o  be s a i d .  I n  p a r t i c u l a r ,  such p roces se s  a l s o  i nvo lve  i n f i n i t e -  
d imensional  s t a t e  spaces  f o r  which an a p p r o p r i a t e  ex t ens ion  of 
t h e  Center  Manifold Theorem i s  r e q u i r e d .  Such r e s u l t s  e x i s t  
[ 4 1 ,  b u t  must be  d e f e r r e d  t o a n o t h e r  t i m e .  F i n a l l y ,  w e  have 
omi t ted  e n t i r e l y  a  c o n s i d e r a t i o n  of how s t o c h a s t i c  d i s t u r b a n c e s  
may induce ( u n ) s t a b l e  o s c i l l a t i o n s  i n  a  dynamic p r o c e s s .  Such 
c o n s i d e r a t i o n s  l e a d  t o  t h e  t heo ry  of d i s s i p a t i v e  s t r u c t u r e s  
e l a b o r a t e d  by P r igog ine  and o t h e r s  [ 1 5 ] .  Note a l s o  t h e  deep 
connec t ions  between s t o c h a s t i c  p roces se s  and t h e  d e t e r m i n i s t i c  
chaos r e s u l t s  d i s cus sed  h e r e  and i n  [16 ] .  
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